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Beauty Contests, Risk Shifting, and Bubbles

Abstract

In a beauty contest model, the current stock price depends on investors’ beliefs of interme-
diary prices and the final payoff. We show that investors who perceive the lowest risk in one
period tend to bear more of the financial risk in that period. As investors who perceive the
lowest risk can vary across different periods, the overall perception of risk is reduced in an
economy with dynamic trading. The reduction of risk premium causes the stock price to be
higher than its fundamental value, resulting in a bubble. If investors with lower risk per-
ceptions of the intermediary prices are more optimistic about the intermediary prices, then
the bubble is further enlarged. On the other hand, if investors with lower risk perceptions
of the intermediary prices are more pessimistic about the intermediary prices, then a bubble
can be reduced or even become negative. Reduction of perceived overall risk due to dynamic
trading also increases market liquidity of the stock. Contrary to the conventional wisdom,
we show that stock trading volume is also affected by the differences of opinion in future
trading periods, due to the demands to hedge future trading opportunities. We extend the
setting to incorporate multiple stocks and show that dynamic trading and heterogeneous

beliefs about risk lead to a lower risk premium on the market portfolio.



1 Introduction

In a well known metaphor, when investors have heterogeneous beliefs, Keynes (1936) views
the stock market akin to a beauty contest in which the contestants have to pick the one
that others will pick as the prettiest. Implicit in this argument is that investors care about
not only the dividend flows received by holding the stock but also the gains from trading
with other investors at intermediary prices. Therefore, investors need to forecast the crowd’s

forecasts to formulate their own trading strategies.

From the point of valuation, the Keynes beauty contest intuition can affect asset prices
through two channels: the cash flow effect and the discount rate effect. In terms of the cash
flow effect, investors can differ in their conditional expectations of the future cash flows of
a stock. When investors believe that pessimism in the crowd will prevail in the market in
the future, they will sell the stock at a very low price today, resulting in a negative bubble.
When investors believe that optimism in the crowd will dominate in the future, they will
buy the stock at a very high price, resulting in a (positive) bubble. In terms of the discount
rate effect, investors can differ in their perception of conditional risk across time. At any
time period, investors with lower perceptions end up bearing more risk. As a result, the
perceived risk in the market reduces when an investor can trade dynamically and believes
that he can shift risk to others at times when his perception of the risk is higher than that
of the crowd. It follows that the risk premium or the discount rate required in the economy

reduces.

This paper formalizes Keynes’ intuition and analyzes the effects of heterogenous beliefs
on stock prices. We show that even if all investors agree on the expectation of a stock payoff,
as long as they disagree on the risk of the stock payoff, a bubble can still arise due to a
lower risk premium in the stock price. In a multiple stock setting, we further show that the

heterogeneous beliefs about individual stocks lead to a lower risk premium on the market



portfolio. More generally, both bubbles and negative bubbles can occur depending on the

size and sign of the cash flow effect.

Specifically, we analyze the effects of future public information disclosure on stock prices
and market liquidity in an economy with divergent interpretation of public information. We
consider a market with a continuum of risk-averse investors with CARA utility of the same
risk aversion. There are 7'+ 1 dates with trading at time 0,1,--- ;T — 1 and consumption at
time T'. There is one risky stock and one riskfree asset available for trading. Investors have
the same beliefs about the stock payoff but disagree on how to interpret public information
to be released in future trading sessions. Investors may disagree about both the mean of
the public information and the variance-covariance matrix of the public information and the
stock payoff. As a result, investors have different beliefs about the expectations and the risks
of the intermediary prices. We analyze how dynamic trading, due to the disclosure of future

public signals, affects the stock price and the market liquidity at time 0.

We consider three scenarios of differential interpretation of public signals. In the first
scenario, investors agree about the the mean of the public information but disagree about
the variance-covariance matrix between the stock payoff and the public information. As a
result, investors have the same expectation of intermediary prices but different beliefs on the
risks of intermediary prices. In the second scenario, investors disagree about the mean of
the public information but agree about the variance-covariance matrix of the stock payoff
and the public signals. In this case, investors have the same beliefs about the risks but
different expectations of the intermediary prices. Lastly, investors disagree about both the
expectation of the public information and the variance-covariance matrix between the public
information and the stock payoff. As a result, investors have different beliefs about both the

expectation and the risk of intermediary prices.

In the first scenario, investors have the same means about the stock payoff and the public



information. Consequently, investors have the same expectation about the intermediary
prices but different beliefs on the intermediary price risk.! Investors, who perceive the
lowest risk in one period, tend to hold more shares of the stock in that period, bearing more
of the stock risk. As investors may have different views on risks in different periods, investors
who have high price risks in one period may have low price risks in the next. As a result,
risk is shifted around to the ones who perceive it less, and the overall risk perception in the

stock is reduced. Consequently, the risk premium is lower, leading to a higher stock price.

In the second scenario, investors disagree on the expectation of the public information
but agree on the variance-covariance matrix between the public signals and the stock payoft.
Hence, investors disagree about the expected intermediary prices but agree on the intermedi-
ary price risks. It follows that the current stock price depends on the average expectation of
the investors’ average expectations. Since investors agree on the variance-covariance matrix
of the public signals and the stock payoff, the average expectation of the average conditional
expectations equals the average unconditional expectation. As a result, the future trading

opportunity has no effect on the current stock price.

In the third scenario, investors disagree about both the expectation of the public signals
and the variance-covariance matrix of the public signals with the stock payoff. In this case,
the risk reduction effect still holds and the risk premium is smaller. However, the average
expectation of the average conditional expectations no longer equals the average uncondi-
tional expectation. When investors, who are the most optimistic about the intermediary
prices, also perceive the lowest risks of the intermediary prices, they will push the stock
price up further, resulting in a larger bubble. On the other hand, when investors, who are
most pessimistic about the intermediary prices, perceive the lowest intermediary stock price

risk, they will pull the price down, reducing the size of the bubble or even resulting in a

Tn Harrison and Kreps (1978) in which investors are risk neutral and short-sales constraints are present, some
investors have the highest expectation in one period or state, whereas other investors have the highest expectation
in another period or state. Hence, the stock price today is determined by the highest price in every future state.



negative bubble.

We further analyze the effects of dynamic trading on market liquidity and trading vol-
ume. We show that the reduction of perceived risk increases market liquidity. Since investors
will trade in future periods due to differential interpretation of public information, the in-
centive to hedge creates demands proportional to expected returns in future trading periods.
Consequently, trading volume is affected by differences of opinion in the past, current and
future trading periods. Extending the model to a multiple stock setting, we further demon-
strate that heterogeneous beliefs and dynamic trading reduce the perceived risk of the market

portfolio, generating a lower risk premium on the market portfolio.

Our paper is related to the seminal paper of Harrison and Kreps (1978), who show
that a bubble can form due to resale options in a market with risk-neutral investors and
short-sales constraints.? In their model, the stock is held by those investors who are the
most optimistic about the stock in every future state. Even if an investor has the highest
expectation or valuation about the stock payoffs at time 0, he does not necessarily have the
highest valuation for the stock in every future state. As a result, there is a resale option
as investors can buy the stock expecting that they can sell it to investors who are more
optimistic in some future states with a positive probability. Consequently, the stock price is

higher than the buy-and-hold value of all investors, or a bubble arises.

The Harrison-Kreps (1978) model and all of its extensions focus on the expectation part
of stock prices. For example, this literature illustrates that under heterogeneous expectations,
the price of a stock can be higher than the valuation of the most optimistic investor, because
the average expectation of all investors can exceed the highest expectation of individual

investors. In addition, this literature is typically confined to a one-stock economy, hence,

2In a static model, Miller (1977) argues that short-sales constraints can bias the stock price upward as investors
with pessimistic views are sidelined, or only optimistic investors participate in the market. Jarrow (1980) shows that

Miller’s argument holds in a single risky security world but additional conditions are required in a multiple security
economny.



it cannot offer any insight on the impact of heterogeneous beliefs on the valuation of the
market portfolio. The assumption of risk neutrality also makes it difficult to address how

heterogeneous beliefs affect risk premium and market liquidity.

A large literature following Harrison and Kreps (1978) has further analyzed the effects
of heterogeneous beliefs on various behavior of stock prices and trading volume. Scheinkman
and Xiong (2003) solve the resale option value in close form and demonstrate that the
bubble is only mildly affected by transaction cost, as investors can refrain from trading
frequently when transaction cost increases. In an important insight, Allen, Morris, and
Shin (2006) demonstrate that under heterogeneous expectations due to private information,
the law of iterated expectations may not hold for the average expectations. Consequently,
the stock price today, which is determined by the average expectation of future average
conditional expectations, can exceed the highest valuation by the most optimistic investor
in the market, resulting in bubbles. Cao and Ou-Yang (2009a) show that under certain
conditions on investors’ expectations of other investors’ conditional expectations of future

dividends, bubbles can arise without short-sales constraints.

Harris and Raviv (1993) and Kandel and Pearson (1995) have analyzed trading volume in
stocks with heterogeneous beliefs. Cao and Ou-Yang (2009b) further consider the effects on
options trading and show that differential interpretation of public information has different
effects on stocks and options trading volume. Due to the restrictive assumption of the
specific forms of heterogeneity in their model, trading volume is not affected by differences
of opinion beyond the next period. This is in contrast with our results in which trading
volume is affected by differences of opinion in all future periods. In addition, we show that
trading volume depends also on the past stock returns, which cannot be derived in any other

models under differences of opinion.

In short, this paper represents perhaps the first study on how more risk is shifted to the



investors who perceive it less under heterogeneous beliefs. Risk shifting results in a lower risk
premium in the market. The higher the divergence of investors’ views on the risks of stock
payoffs and public signals, the lower the risk premium or the higher the expected return on
the stock. Our results provide potential explanations for the empirical findings of Diether,
Malloy, and Sherbina (2002) and Goetzmann and Massa (2004). For example, Goetzmann
and Massa find that the dispersion of opinion of the investors in a stock, which is proxied by
investors’ age, profession, or income, is positively related to contemporaneous returns and
negatively related to its future returns. They also find evidence that dispersion of opinion

aggregates across individual stocks, having a market-wide effect.

The rest of this paper is organized as follows. Section 2 describes the basic model.
Section 3 extends the model to differential priors and multiple stocks. Section 4 concludes

the paper. The appendix contains technical proofs.

2 Basic Model

We consider a T trading session model, with a time line of 0,1, --- ,7T". There is one risk free
asset and one risky stock available for trading. It is assumed that the financial market is
populated by investors with the population size normalized to one, each indexed by ¢ where
i € [0,1]. At time 0, we assume that each investor is endowed with z* units of the stock and
zero units of the bond. Without loss of generality, the interest rate is taken to be zero. The
stock payoff at time T" is v. The per capita supply of the stock is a positive number denoted
by x.

To obtain closed form solutions, we assume that each investor ¢ has a negative exponential
utility function, — exp(—~yWr;), where + is his risk aversion coefficient and Wy is his terminal
wealth or consumption. We assume that v is normally distributed and that all investors

believe that the unconditional mean of v is u, the unconditional variance of v is ¥, and the



unconditional precision of v is IT = 1/%,,.

Investors first trade in session 0. In session ¢, ¢t = 1,2,--- ,T — 1, signal v, is revealed.
Let

ZT = ('Uv Y1, Y2, - ayT—1)7
investor ¢’s variance-covariance matrix and precision matrix of Z; are denoted by X z; and
I14;, respectively. Let
PT:?}; Rt:Pt_-Pt—l fOI't:]_,Q,"' aT7
R(t,T) = (Rt,Rt+1, cee ,RT)/ for t = O, 1, tee ,T— 1.

We characterize the equilibrium prices and demands in the multiple trading session economy

as follows.

Theorem 1 There exists a consensus investor who believes that Zr follows a multi-variate
normal distribution. The consensus investor’s expectation, variance covariance matriz, and

precision matriz of Zr are denoted by piz., >z., and Iz, respectively. They are given by

pze = EcZ7] = H}i /HZi,UZidiv

HZC = /Hszla
i
_ -1
EZC - HZc?
Hze, Yze, and Iz, denote investor i’s variance-covariance matrix and precision matrix of
Zp. Given the beliefs of the consensus investor, there exists an equilibrium in which prices
)

(P;) and demands (Dy;) for the stock at time t =0,1,--- T — 1 are described as:

Pt = Myte — Wthc% (1)
1 T
Dy = — Z HR, .1 rytibtR;tis (2)
j=t+1
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prui = EylRj), j=tt+1,--- T —1, (3)
Mr(1,ry = Varg [R(t+ 1,T)). (4)

Here . 1s the first element of the 1 X T' u column vector, Y. s the 1 X 1 element in the

T x T % matriz, and g, g s the corresponding element of Hg1,1ti-

Note that investor ¢’s terminal wealth at time T is given by

T
Wi = Wy + Z D1 Rji.

j=t+1

Such a wealth function can also be obtained in a static economy in which investors can trade
directly on (T" — t) stocks with a return vector R(t + 1,7") and the condition that Dj; is
measurable with respect to the information set at time j. Notice that the optimal demand,

in which Dj; is measurable with respect to the information set at time ¢, is given by
t t t / 1
(D, D(t+1)i T 7D(T—1)i> = ;HR(tJrLT)ti/JR(tH,T)ti’ (5)

KRR(t+1,T)ti = EtZ[R(t + 17T)]a j = tvt + ]-a e 7T -1 (6)

Interestingly, the optimal demand obtained in the static economy DY, coincides with the

optimal demand in the dynamic economy Dy;.

Although markets are incomplete, we are able to construct a consensus investor. The
equilibrium stock price is determined as if all investors share the same beliefs as the consensus
investor. It follows that the effects of dynamic trading boils down to how the beliefs of the
consensus investor are affected. As the normal distribution is summarized by the expectation

and variance-covariance matrix, we have the following results.

Proposition 1 The effect of dynamic trading on stock prices can be decomposed into two

components: the expectation effect and the risk effect.



To analyze the effects of heterogeneous expectations and covariances on the stock price,
we consider three cases: (i) investors disagree about the covariances of the signals with the
stock payoff; (ii) investors disagree about the expectations of the public signals only; and
(ili) investors disagree about both the expectations of the signals and the the covariances of

the signals with the stock payoft.

2.1 Heterogeneous Variance-Covariance Matrices

Proposition 2 When investors disagree about the covariances of the public signals with
the stock payoff but agree on the expectations of the public signals, the consensus investor’s
variance of the stock reduces with the number of trading sessions but his expectation of the
stock will not be affected. As a result, the risk premium decreases and the stock price increases
as more trading sessions are added. Moreover, market liquidity increases with the number of

trading sessions.

To understand the intuition, consider the following example in which there are two
trading periods, 0 and 1, and consumption and liquidation occur at period 2. There are two

types of investors of equal proportion. Suppose that

U:M‘i‘ﬁ(y—ﬂy)‘i‘ea

where signal y arrives at time 1, ;1 is the unconditional expectation of v, i, is the mean of
y, and € is a noise term that follows a normal distribution. Investors believe that y and e
are orthogonal and disagree about the variances of y and € but agree about the mean of y.
Type I and II investors believe that the variances of y and € are (o}, 0%) and (07, 0%;),

respectively.

For @ = I, 11, at period one, investor ¢’s demand is given by

Do — Ely| = P1  p+ By —py) — P
17 — - ) .

YVarlvly] ooy
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For markets to clear, we must have

o BBy — ) — P

p+ By —py) — P
2”7‘7621 ‘

2vo 6211

+

We thus have
P =p+ By — py) — 051,
where

2 9
2 20507,

[ — .
ec 2 2
O+ 0gr

is the harmonic average of the variance of ¢ among investors.

Moreover, as investors agree on the conditional expectation of v, the capitals gains from
trading, v — P, = e +yo2x, are independent of y. As a result, there is no additional hedging
demand at time 0, and the optimal demand at time 0 is simply the myopic demand. Let
op1; denote investor i’s variance of Py at time 0. We then have 03,; = 3°07,;. Investor i’s

demand for stock at time zero is then given by

EP —R] _ p—n0Z— R

Vop V0P
Market clearing implies that

:E:DOI_FDOII:,U_VO-EQC_PO /L_PYUEC_PO

2 2’70%11 2’70123111

Py=p—02 — 00, = jt — V00,

where

202,02

o ylYyll 2 2 2 2

JUC - 2 + 2 ch - Uec + ﬁ Uyc‘
Oyr T O0yrr

Notice that the harmonic average is always smaller than the arithmetic average, we thus

have

2 2 2 2 2 2 2 9
WOur t 0y O+ B0, oi+ oy 9

+ = + =0
2 - 2 2 o

2 2
O+ 0p

2

2 2 2 2
o O + 50, <

ve
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Suppose that o, > o7;;, we then have 07, = 0} — %0, < o) — f*0,;; = 07 In this case,
type II investors have lower intermediary price risk in period 0, whereas type I investors
have lower intermediary price risk in period 1. Consequently, investors of type I hold more
shares of the stock in period 1 while type II hold more shares of the stock in period 0.
Both types of investors feel that they can shift the stock risk to the other type in periods
in which they perceive higher risk. In other words, they feel that they can diversify risks
across time periods. As a result, the risk bearing capacity in the whole dynamic economy

is increased. Hence, the risk perceived by the consensus investor is reduced, and the risk

premium decreases.

In general, investors may perceive different 3’s in the regression equation of v on y.
Hence, investors need to hedge their trading risk in future periods, so that risk cannot be
clearly separated from period to period. Nevertheless, the basic intuition still carry through,
that is, investors believe that they can shift the risk to others through dynamic trading, and

thus the risk premium goes down.

2.2 Heterogeneous Expectations

Next, we consider the case in which investors disagree on the expectations of the public

signals but agree on the variance-covariance matrices. We arrive at the following results:

Proposition 3 When investors disagree only on the expectations of public signals, the con-
sensus investor’s expectation and variance-covariance matriz of the stock payoff is not af-
fected. Consequently, the risk premium, the stock price, and the market liquidity of the stock

1s not affected by the introduction of future trading sessions.

To understand the intuition, we use a two-period example. There are two types of

investors of equal proportion. They have homogeneous beliefs about the variance-covariance

12



matrix of y and v but heterogeneous expectations of y. Without loss of generality, we can
write

v=p+ By — py) e, =111

For ¢ = I, 11, at period one, investor ¢’s demand is given by

:N+ﬁ(y_,“yi)_Pl
yo? '

Dli

For markets to clear, we must have

u By ) P o+ By — pyrr) — Py
= + .
2702 2y0?

We thus have

+

At time 1 the stock price is the average conditional expectation across investors minus a
risk premium. The risk premium is the risk aversion coefficient times the harmonic average of
investors’ conditional precision and the supply of the stock. Because investors have the same
conditional variance, the harmonic average reduces to each investors’ conditional variance.
Moreover, the capital gains from trading in the stock, v — P, is independent of y. Hence,
there is no additional hedging demand at time 0. As a result, the optimal demand at time

0 is simply the myopic demand given by

B (igi = 20 ) — o2a — By

2
79P1

DOi =

Market clearing implies that

x:DOI+DOH :M—’YUE%—PI

2 V0P
P _ 2
0= [ — YO,T.
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Notice that when investors have the same variance-covariance matrix, the average of
the average conditional expectations equals the average unconditional expectation. Because
investors have the same variance-covariance matrix of y and v, the risk premium term is not

affected. Consequently, the stock price at time 0 is not affected by dynamic trading.

2.3 Heterogeneous Expectations and Variance-Covariance Matrices

Proposition 4 When investors disagree on both the mean and the covariance of public in-
formation with the stock payoff, the stock price can be either higher or lower than what would

obtain in the static setting. That s, either a bubble or a negative bubble can arise.

As before, we assume that there are two types of investors of equal proportion. Suppose

that
v=p+ By — py) + e
Investors believe that y and e are orthogonal and disagree about the variances of y, € and

the mean of y. Type I and II investors believe that the variance of y and € are (UZ 1, 0%) and

(0775 0271), and that the means of y are ju,; and pi,77, respectively.

For ¢ = I, 11, at period one, investor ¢’s demand is given by

_ EH By = ) — P
Vo2, .

Dli

For markets to clear, we must have

v p+ By — pyr) — P n p+ By — pyrr) — P
270}21 2705211 ‘

We thus have

2 2
o + 0]
Pi=p+p (y — Jenillul QIMW> — ol
O+ 0cr
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where

2 2
2 200,07,

(o) =
ec 2 2
O T 0crr

is the harmonic average of the variance of € among investors.

Notice that the certainty equivalent gain from trading at time 1, v — P;, is independent
of y. As a result, there is no additional hedging demand at time 0, and the optimal demand
at time 0 is simply the myopic demand. Let opy; denote investor i’s variance of P, at time

0. We then have 03,;, = °0,;. Investor i’s demand for stock at time zero is given by

052#1-&-0?#11 2
u+ﬁ<ﬂyl_M _PYUGC_PO

oltol
07 D)
VOp1i
Market clearing leads to
Do + Doy
x — - @
2
2 402 2 +02
B p+ B (Uyl - 061155114-:5,11%]1) - 7052c - R N w+ 3 (MyH — —Jdlgngr;IgIIﬁyII) — ”yazc - F
2703y, 290111 .
The equilibrium stock price at time 0 is then given by
Py = pe — 0%, = V0°05. = pe — 03,
where
1 1
fre = p+ Bty — 1 )( - )
‘ " . 1 + O‘SI /0511 1 + 0-621/0-622
202,02,
O-;C - — ) 0-1210 = 0520 + ﬁ20§c'

02 + 05 I
As shown before, the harmonic average is always smaller than the arithmetic average,

that is,

2 2 2 2 2 2 2 9
WOur t 0y O+ B0, oi+ oy 9

+ = + =0
2 - 2 2 o

2 2
O+ 0r

2

2

_ 2 2 2
O-vc_o-ec—i_ﬁ O-yc<
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On the one hand, the shifting of risk to investors who perceive lower risk results in lower risk
premium in the market, which pushes the stock price upward and can cause stock bubbles.
On the other hand, the differences in expectations of y can reduce the bubble or even lead
to a negative bubble.

Without loss of generality, we assume that o7; > o7;;, we then have 07, = 05 — 3%0;; <

1 1 1
1—|—02/cr 1+02/O'

When pi,; < py11, type II investors not only have lower intermediary price risk but also are

more optimistic about the intermediary price. Consequently, we arrive at

= p+ B ) : :
/"LC_/’L /"Lyl II"LyQ 1_{_0_51/0_ 1+U2/U /"[/

which enlarges the size of the bubble. Recall that the equilibrium stock price increases
with the expectation of the consensus investor, which is the precision weighted average of
all investors’ expectations. When one group of investors perceives lower risk or perceives to
have a signal with a higher precision, his expectation carries a higher weight in the consensus
investor’s expectation. When one group has both a higher expectation and a signal with a
higher precision, the consensus’ investor’s expectation is higher. This is the reason that the

size of a bubble is increased.

Suppose that 051 < ‘7511 and p,r > pyrr, type II investors have lower intermediary price

risk and are more pessimistic about the intermediary price. We then obtain

=1+ B( ) ( : 1 ) =
MC - ,U Myl MQQ 1 +O-§1/0'232 1+U€21/0522 ,LL

Note that the expectation effect can reduce the size of the bubble or even lead to a negative

bubble. Whether a bubble or a negative bubble occurs depends on the sign of the expectation

16



effect and how it compares to the risk shifting effect. Similarly, when one group of investors
not only expects the stock price at time 1 to be very low but also believes its belief to be of
very high precision. As a result, the consensus investor’s expectation of the time 1 price is

low.

2.4 Market Liquidity

When investors are risk averse, a supply shock of the stock will have a price impact. The
inverse of the price impact (measured by the derivative of market price with respect to the
the stock supply) is a measure of market liquidity. In this subsection, we analyze the effects

of dynamic trading on market liquidity. Let
)\t = —8Pt/a$ = Evtc-

Let 1/); denote the market liquidity at trading session t. The consensus investor’s conditional

variance reduces as the number of trading sessions increases. We have the following result:

Proposition 5 Market liquidity increases with the number of future trading sessions.

As investors have more opportunities to trade in the future, the stock price is less sensitive
to the stock supply. When investors have disagreements on the variance-covariance matrix
of y; and v, each investor feels that he can sell the stock to others when the news goes against
him. As a result, the perceived risk of buying stocks is reduced and market becomes more

liquid.
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2.5 Trading Volume

In this subsection, we discuss trading volume in the stock. The optimal demand of investor

1 can be decomposed into two parts:

T
1
Dm‘ = — HRt+1Rt+1tiuRt+1ti + Z HRtJrleti'uRjti : (7)
v j=t+2

The first part comes from the myopic demand for the expected returns in the current period,
whereas the second part comes from the hedging demand due to opportunities to trade in

future periods.

Let T}; denote the trading for investor 7 in period t, t = 1,...,T — 1. We have

T T
1
Ty Dy — D(t—l)i = ; LZ HRHleti/uLRjti - Z HRtRj(t—l)z',uRj(t—l)i]

=t+1 j=t

T t T t—1
1
= - Z HRt+1RjiH’RjZ' - Z HRt+1RjiRj - Z HRtRj’i,uRji + Z HRtRJ’LRj
v L j=1 j=1 j=1 J=1
T t—1
1
) > (Mani = Mradprg + Y (Magni — Droryi) Ry = TpereiBe| - (8)
[ k=1 j=1

The hedging demand causes the trading volume to depend on differences of expected returns

in future periods. To summarize, we have the following result.

Proposition 6 Differences of opinion of public information in all future periods affect trad-

ing in the current period.

It should be noted that our result is in contrast with those of Cao and Ou-Yang (2009b)
in which they show that trading volume does not depend on the differences of opinion in
future periods beyond the next period. The key difference is that in Cao and Ou-Yang, they

assume that the covariance of y and v is the same across investors and that the shocks in

18



y are independent across different time periods. In that special case, the coefficient in the
expression for the hedging demand Ilg,,,r, = llg,g, for j # {t,t + 1}. It follows that, Cao
and Ou-Yang (2009a) obtain

t—1

T
Z(HRt+1Rk - HRtRk)uRki + Z(HRt+1Rj - HRtRj)Rj - HRth-HRt
k=1

j=1

Ty =

= |~

—_

= (TR recri = Dres ko) R + Mrey e — Drere) i — UpopegiRe] . (9)

which is unrelated to differences of opinion on expected returns in future trading periods.
Cao and Ou-Yang (2009b) further show that I, g, , i, ILr,r,is R,y 5oy are not affected by
investors’ second moments of returns in future trading periods. Consequently, differences
of opinion of the second moments of returns in future periods do not affect trading in the

current period.

Our model indicates that investors will trade in response not only to past differences of
opinion but also to expected future differences of opinions. As a result, we should observe
trading volume to pick up many periods before and after the actual news release period.
On the contrary, Cao and Ou-Yang (2009a) predicts that trading volume will pick up only
one period before the period of news release and many periods afterwards. We further show
that trading volume is affected by the current returns as well as past lagged returns while
Kandel and Pearson (1995) and Cao and Ou-Yang (2009a) show that trading volume is only
affected by current returns using some restrictive assumptions. These distinctions helps us
to determine which model provides a better description of trading volume behavior in the

stock market.
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3 Extensions

In this section, we consider two extensions of the basic model. The first extension allows for
heterogeneous priors on the stock payoff among investors and we come to similar results to

those in the basic model. The second extension incorporates multiple stocks.

3.1 Differential Priors

In previous sections, we considered homogeneous priors about the stock payoff. In this
section, we extend the model to heterogenous priors and show that the modified version of

our results still go through.

At time zero, investor i believes that v is normally distributed with mean of u,; and
variance of ¥,;. The assumptions about their beliefs on y = (y1, ..., yr_1) and the variance-
covariance matrix of v and y remain the same as before. The consensus investor’s belief is

defined in the same way as in Section 2. We have the following result.

Theorem 2 There ezists an equilibrium in which asset prices (P;) and demands (Dy) are

described as:

Pt = Hote — Vzvtcxa (10)
Hote = Etc[v]a Evtc = vartc[v]7 (11)
fr; ot = EulRin],  Hregmu = Varg ' [R(E+1,T)). (12)

: (13)

1 T-1
Dt’i = - HRt+1Rj+1ti/~‘l‘Rj+1ti
vy Zj:t

where 1R, g, i 15 the corresponding element in HR(t+17T)ti'

We have the following proposition:
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Proposition 7 When investors disagree on how to interpret public information: (i) Dy-
namic trading always reduces the risk premium in the stock price, which increases the stock
price; (it) Dynamic trading can either increase or decrease the consensus investor’s expected
stock payoff, which can either increase or decrease the stock price. The stock price will go up
(down) when investors optimistic (pessimistic) about the public information also have high
precisions about the public information; (iii) Dynamic trading increases market liquidity;
(iv) Dynamic trading has no effect on the stock prices when investors agree on the regression

coefficient of y; onv fort=1,...,T — 1.

Even with differential priors, the same intuition goes through. The mutual insurance
effect due to differential beliefs still makes investors feel safer holding the stocks, because
they believe that they can benefit from the mistakes made by others in the next round.
Consequently, the perceived risk is smaller. The effect on the mean of the consensus investor
is the same as before. As long as optimistic (pessimistic) investors also have more precise
beliefs, the price tends to be higher (lower). Market liquidity increases as investors believe
that they can reduce their exposure to stocks in periods in which they perceive higher risk.
As a result, the perceived risk of holding stock is less for all investors which results in higher
liquidity. Finally, for there to be no price effect, investors must agree on the regression
coefficient of y, on v for t = 1,...,T — 1. In this case y; can be decomposed into two parts:
y = (v + €, a hedging component proportional to v and an orthogonal part independent of

v. Disagreement on the orthogonal part has no effect on the stock price.

With heterogeneous priors, we can define the fundamental value for investor ¢ as the price
that would obtain when all investors agree with investor ¢ about the public information, that

is, Po; = i — 720x. We have the following results:

Proposition 8 The price in the dynamic economy can be higher than the highest funda-

mental value or lower than the lowest fundamental value. That is, it is possible to have
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PO < man{POI} or PO > maXi{POZ-}.

To understand the intuition, consider the following numerical example with two types of
investors type I and type II of equal proportion, t,; = pu, = 1, for all © = I, II. The variances
of v and y are 1 and the correlation coefficients of v and y are 0 for type I investors. The
variance of v is 1, the variance of y is 3 and the covariance of v and y is 1 for type II investors.

The mean of y is p,; for type I and 0 for type II investors. The supply of the stock is 0.2

) (14
) (15)

L) (16)

and the risk aversion coefficient is 2.

(11 -
Hzr = fy1 y Mzir =

1
0

10
HI:(O 1)71_[[

The precision matrix and variance covariance matrix of the consensus investor in the dynamic

~

I
N
| ol

economy are shown as follows:

| ot

IS

=

(o)

I
VR
oo |

=
~~

(17)

n=(11). (18)

The expectation of the consensus investor is given by

PN
O =

-1 2 Ly
pz = [He] 7 [0.510 177 4 0.510 17 p0z11] = ( o, 8 ) . (19)
g T ghyl

The stock price at time 0 is given by Py = 7.9/8+1/8,;—0.4%3/4 = 5.5/8+1/8,;1. The
stock prices in the static economy without dynamic trading are given by Fy; = 1.1—-0.4 = 0.7

and Fy;; = 1 — 0.4 = 0.6, respectively. In the dynamic economy with differences of the
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covariance among investors, the consensus investor’s expectation of the stock payoff now
depends on type I investors’ expectation of the public information. When 7 is greater than
0.0125, the stock price at time 0 will be greater than 0.7, resulting in a bubble. When s is
less than -0.0875, the stock price is lower than 0.6, resulting in a negative bubble. In other
words, the decrease in the consensus investor’s expectation offsets the decrease in the risk
premium, causing the stock price to be lower. On one hand, heterogeneous beliefs about the
covariance of the public information with the stock payoff will always reduce the consensus
investor’s volatility about the stock, thus increasing the stock price. On the other hand,
the consensus investor’s expected stock payoff can be either higher or lower than individual
investor’s expectation. When the consensus investor’s expected stock payoff is higher, there
is a bubble. When the consensus investor’s expected payoff is lower, it depends on whether
the volatility or the expected payoff effect dominates. When the latter effect dominates, a

negative bubble will result.

3.2 Multiple Stocks

We have analyzed a single stock setting so far. In this subsection, we extend the model to
multiple stocks. We assume that there are IV stocks represented by an N x 1 random vector
V. At time 0, we assume that each investor is endowed with X units of the stock and zero
units of the bond. The per capita supply of the stocks is a positive vector denoted by X. As
before, we assume that investors have negative exponential utility function, — exp(—yWr;),
where 7 is the investors’ risk aversion coefficient and Wy, is investor ¢’s terminal wealth or
consumption at time 7. We assume that V' is multivariate normally distributed and that
investor ¢ believes that the unconditional mean of V' is puy;, the unconditional variance-

covariance matrix of V' is Yy, and the unconditional precision matrices of V' is Ily;.

At trading session t = 1, ..., T — 1, a public signal Y; of dimension N x 1 arrives. Let the
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N(T —1) x 1 vector Y = (Y{,..., Y] ;) denote all the public signals. Investor i’s variance-
covariance matrix about the NT x 1 vector U = (V') Y/, ....,Y] ;) and Y are ¥y;, ¥y, and
his expectations of Y, U are denoted by py;, pys, respectively. Let Pr =V, R, = P, — P,_4,
R(t,T) = (Ry, ..., Rr). We have the following results:

Theorem 3 There exists an equilibrium wn which demands and stock prices are described

as:

P, = pvie — 725y X, (20)

Dy =

1
; Z HRt+1RJ+1t’LMRJ+1tZ] ) (21)

where g, g, u 15 the corresponding element in g 7y
Hvie = Etc[v]a EVtc = Vartc[v]7 (22)

MR 1ti = Eti[Rj+1]7 HR(t—H T)t Varm[R(t + 1, T)], (23)

and Ug, \r; 1 18 the corresponding element of Up(i1,1)t:-

We have the following results regarding the effects of dynamic trading on the risk pre-

mium, the stock prices, and the market liquidity.

Proposition 9 (i) The risk premium on the market portfolio decreases; (ii) When all in-
vestors agree on the expectation of the public signals, the price of the market portfolio will
increase; (iii) The consensus investor’s variance covariance matriz of the stocks will reduce;
(iv) Market liquidity will increase; (v) When investors agree on the regression coefficients
of the public signal on the stock payoffs, there will be no effect on market liquidity, stock
prices and options prices; (vi) When investors agree on the beta of the public signals with

the market portfolio, there will be no effect on the price of the market portfolio.
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With multiple stocks, the results are similar to those in the single stock case, with
the exception that additional trading sessions reduce the variance-covariance matrix of the
consensus investor. In addition, the market portfolio carries a special role in the multiple
stock economy, and our results with respect to the market portfolio is similar to that of the
stock in a single stock setting. In general, risk premiums on individual stocks can either
increase or decrease with additional trading sessions but the risk premium on the market
portfolio always reduces. The reduction in the risk premium of the market portfolio implies
that the price of the market portfolio will increase when investors agree on the expectation of
stock payoffs and public signals. Market liquidity increases with additional trading sessions
due to the reduction of the variance-covariance matrix of the consensus investor. Finally,
when investors agree on the hedge ratio of the public signals with respect to the the stock
payoffs, investors are effectively trading on their differences with respect to the unhedged
components in public signals. The introduction of additional trading sessions has no effect
on risk premium, stock prices, or market liquidity. Similar conditions exist for there to be

no effect on the price of the market portfolio.

4 Conclusion

With the assumption of risk-averse investors, this paper represents perhaps the first analysis
of heterogeneous beliefs on risk premiums. We show that the impact of heterogeneous beliefs
on the stock price can be decomposed into two components: the expectation effect and the
risk premium effect. The expectation effect arises when investors have different means about
the public signals. When investors relatively more optimistic about the public information
also believe that their beliefs are more precise, they tend to push the stock price up to create
a bubble. On the other hand, when investors relatively pessimistic about the public infor-

mation have more precise beliefs, they tend to pull the stock price down and can potentially
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generate a negative bubble. The risk premium effect arises from the heterogeneous beliefs
about the stock risks among investors. Different investors perceive different levels of risk
across time and states. When some investors perceive high risks, they believe that other
investors may perceive low risk so that they can share risks with one another. As a result,
all investors believe that they can achieve better risk sharing under heterogeneous beliefs.
In equilibrium, the risk premium decreases. We further find lower risk perception increases
market liquidity. Moreover, trading in future periods generates hedging demands in the
current period and causes trading volume to respond to differential interpretation of public
information released in future trading periods. Extending the setting to multiple stocks,
we show that heterogeneous beliefs about risks lead to a lower risk premium on the market

portfolio.
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Appendix
Proof of Theorem 1: First, we have the following lemma.

Lemma 1 Let X be an M dimensional random vector and 'Y be an N dimensional random
vector and X,Y are multi-variate normally distributed. Let Yxy denote the variance co-
variance matriz and Ilx y the precision matriz of (X',Y')'. Let Ilxy (X, X) be the M x M
submatriz corresponding to X. Let Yxy and llxy denote the variance covariance matric

and the precision matriz of X conditional on'Y respectively. We have Ilx)y = Mxy (X, X)

Proof: Let X,y denote the variance-covariance matrix of X, Y, X XY denote the co-
variance matrix of X and Y, ¥y x the transpose of X xy. From the block matrix inversion

formula, we have
xy (X, X)=[Ex — SxyEySyx] ' = [Expy] " =1y (24)

Following Lemma (1), we have Ilg,, g = IR, R0 for j > t.

j+1t

We prove the theorem in the following steps. First we construct the consensus investor
according the beliefs given in Theorem 1. We then show that the prices and demands in the
last period T'— 1 constitute a unique equilibrium. Finally, we show that if the prices and
demands from ¢ + 1 and onwards constitute a dynamic equilibrium, the prices and demands

at period t also constitute a unique equilibrium. The theorem thus follows by mathematical

induction.

Notice that R; is the differences of conditional expectations for 7 and thus is independent

across j for investor r. Consequently, we have

T T
EUJ'C - E’U(J"H)C = Z ERk+lc - Z ERk+lc = ERj+1C' (25)
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Also notice that
Pr(+1,T) — HR@+1,1)i = Covi[R(t 4+ 1,T), R(1, )Tl 10i(R(1,1) — fir(1,6))- (26)

Let I, ra )i and g, | r+1,7): denote the row vectors that represent the first ¢ elements
and the last T — ¢ elements of the ¢ + 1th row vector in HR(LT)Z-. Let O(t) denotes the ¢

dimensional zero vector.
HRt+1R(1,t)ivari [R(L t)] + HRt+1R(t+1,T)iCOVi[R(t +1, T)7 R(L t)] = O(t)/ (27)
as IIr(1 1) is the inverse of X g1 7);. We thus have

Ur, rawiltres1,0)t — Hree1,rye) = graniCovilR(E+1,T), R(1,t)] x
R0 [R(l,t) - #R(l,t)i]
= —Tg, v Var[R(L O ra i [R(1 1) — tre,mi)
= —Mg. rawi [R(1,1) = pr@) - (28)
It can further be shown that the equilibrium demand proposed in Theorem 1 satisfies the
following equation:

T-1

1
Dti = - Z HR1+1Rj+1t’iMRj+1ti

VS
1 T-1 1 t—1

= — Z HRt+1Rj+1i:uRj+1i - Z HRt+1Rj+1i(Rj+1 - MRj+1i)
7S s
1 T—1 1 t—1

= = Z HRHlRle‘MRsz‘ - = Z HRt+1Rj+1iRj+1- (29)
Y =0 Y Jrary

At time T, the utility for investor ¢ has the following form:
T—1
Woi + Z DjiRj1 } : (30)

J=0

Uri = —exp {—7
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At time T — 1, there is only one period left and the problem reduces to a maximization

problem in a static setting. Let
HRp(T-1)i = E(T—l)i[RT] = E(T—l) [U - PTfl] ) (31)

HRTRT(T—I)i = Varf;,l)i[RT]- (32)

We have
T-1
ETA[UT?;] X —/ €xp [—’YZ DjiRj+1
]‘ /
_i(RT — brpr—1)i) Uy rei(Re — firp(r-1)i) | dRr

1
x —/ exp |:_[7D(T—1)i — Hppry(r—1)iltRp(m—1)i) R — 533} dRt
Rr

[”YD(T—W - HRTRT(T—1)iMRT(T—1)i]2]

33
2l R, Ry (T—1)i (33)

X —exp [—

From the above expected utility function of investor ¢, we then arrive at the investor’s

optimal demands for stock:
Dir-1yi = Ry Rp(0-1)il bR (T-1)i- (34)
The market clearing condition, X = fl D(r_1y,di, yields the equilibrium stock price:

f‘ R, rr(r-1)ittor-1yidi — v
Pn = Jinrhr : = Uo(T—1)r — Y So(T—1)r . 35

That is, the price is the precision weighted average expectation minus the risk premium.
Notice that 1/ [ Mg, ppr—1)idi = 1/ [ M pppp@—1)r = So@—1)r-

Suppose that the demand is optimal for trading sessions larger than ¢. We show that
the equilibrium demand is also optimal at session ¢. Then by mathematical induction, the

equilibrium demand described in the theorem is optimal for all trading sessions. Notice that
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from equation (52), and conditional on the information at time ¢, we have the following

identity for Dy;, k > t:

1 T-1
Dy = - E R, Ry kil R ki
j=k
T—1 k—1
1 1
= = E HRk+1Rj+1til/JRj+1ti - = E HRk+1Rj+1ti(Rj+1 - ,U«RHlti)
Rt i
J= J=
T—1 k—1
1 1
= - HRk+1Rj+1ti/J/Rj+1ti - HRk+1Rj+1tiRj+l' (36)
g ijt g ijt

30



Plugging in the expression for Dj;, j > t and taking the expectation with respect to

R(t+1,T) at trading session ¢, we have
-1
EulUi] o —/ exp —72 DjiRjq
R(t+1,T) =

1
—§(R(t +1,7T) — presrmye) Hrasrmyu(R(E+1,T) — presr ) | dR(E+1,7T)

t
= —/ exp —’YZDjz‘RjH
R(t+1,T) =0

T-1 T-1

- E E HRJ+1RZ+1MILLRZ+1H E HRJ+1RZ+1tZRl+1]Rj+1

Jj=t+1 I=t

1
_§<R(t +1,T) — pris1,1y) ey (R(E+ 1, T) — pipesa,r tz):| dR(t+1,T)

t
x = exXp | =7 DjiRj1
/R(M,T) S

Jj=0

E HR]HRlthMRLth E HRJHRHleH

=t

j=t+1

Rin

1
_iR(t + L D) UreamelR(t+1,T) + frg rypdlrer ot +1,T) | dR(E+1,T)

t
= —/ exp —VE DjiRj
R(t+1,T) =0
T-1 T—1
- E E HRJ+1RH1tzﬂRl+1tz E HRJHRMleH]R]H
Jj=t+1 I=t
T-1 j5—1
s E HRJ+1RJ+1tZ j+1 T E E HR]+1RH,125’LRZ+1R]+1
j=t j=t+1 I=t
T—1T-1
+E E R, R tibbry il | dR(E+1,T)
j=t =t
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t—1 T-1

= /R( . exp [_72 DjiRj1 — 7Dy — Z HRt+1Rj+1tiluRj+1ti]Rt+1
t+1,

j=0 j=t
111
-5 Z g, 5l | dR(E+1,T)
j=t
T—1 1
(8 —/R exp | —[vDy; — Z HRtHRthi,uRjﬂti]RtJrl - §HRt+1Rt+1tiRt2+1 dRiiq
t+1 j:t

T-1
N exp i [P)/Dtl - Ej:t HRt+1Rj+1ti,uRj+1ti]2
2HRt+1Rt+1ti '

The optimal demand can then be determined as

1 T-1

Dt’i - ; E HRt+1Rj+1t’i/~LRj+1ti'

j=t
Q.E.D.
Proof of Proposition 1: It follows immediately from equation (1). Q. E. D.
Proof of Proposition 2:

Let ¢(T"), ¢(T+1) denote the consensus investor in the economy with 7" and 7'+ 1 trading
sessions. Thus, in the economy, with 7'+ 1 trading sessions, the stock payoff is realized in
period T'+ 1 and investors can still trade at session 7" when a new signal yr is released. Let

i(T + 1) denote investor i in the economy with 7"+ 1 trading sessions, we have

Var 1) [U(T)] = [Moryer+1y = Homrer ) ey Myrv@ern] ™ (38)

-1

Var ) [U(T)] = |:/HU(T)Z’(T+1) — Muryrirsn Iy Mygvmicrna |- (39)

Notice that

/HU(T)i(TH)di = Hy()e(r+1)- (40)
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Let dw(i) be a standard Wiener process and define

—-1/2 .
A= /HU(T)yTi(T+1)HyTi/(T+1)dw(Z)7

B

/i HU(T)ch(TmH;Tlc(TH)H;ﬁ(ﬂndw(i), C=A-B.
We have
/ Homyyricrsn Ty Mypomyirndi = Var[A] = Var[B] + Var[C] > Var[B]
= Tu@yrer+n oy Tyrv@er+n- (41)
As a result, we must have
Var. 1) [U(T)] > Varyn) [U(T) (42)

which implies that
Var.ry1)[v)] > Vargr)[v]. (43)
Q. E. D.

Proof of Proposition 3: In this case, let y(T'— 1) = (y1,...,y,—1)’, and let e = y(T —
1) — Bv, where

B =Syr-1p5,"

is the regression coefficient of y on v. Let II.; denote the precision matrix of investor 7 on e.

Since € and v are orthogonal for all investors, we have
In,.=1,, Il.= /Hadi (44)

which implies that
Yye = BB, + 11} (45)

33



Let u. denote investor i’s expectation of €, we have

Hoye = oy Hee = Hg_cl /Hez,uezdl (46)

and
fye = Btiv + ec. (47)

Since the consensus investor’s expectation and variance of v do not change with the number
of trading sessions, additional trading sessions have no effect on the risk premium, stock
price, options prices, and market liquidity.

Q.E.D.

Proof of Proposition 4: The result follows from Lemma 1 and Proposition 2. Q.E.D.

Proof of Proposition 5: The result follows from Proposition 2. Q.E.D.

Proof of Proposition 6: The result follows immediately equation (8). Q.E.D.

Proofs of Proposition 7: The proofs is similar to that of Proposition 3 and is omitted

here. Q.E.D.

Proofs of Theorem 2 , The proof is similar to the proof of Theorem 1 and are omitted

here. Q. E. D.

Proof of Proposition 8-9: The proofs are similar to that in Proposition 1-5 and are

omitted here. Q.E.D.

Proofs of Theorem 3: We prove the theorem in the following steps. First we construct
the consensus investor according the beliefs given in Theorem 1. We then show that the prices
and demands in the last period T'— 1 constitute a unique equilibrium. Finally, we show that
if the prices and demands from ¢ + 1 and onwards constitute a dynamic equilibrium, the
prices and demands at period t also constitute a unique equilibrium. The theorem thus

follows by mathematical induction.
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Notice that R; is the differences of conditional expectations for r and thus is independent

across j for investor r. Consequently, we have
T T
Z]vjc - Ev(j—‘,—l)c - Z ERk+1c - Z ZRk+1c - ERj+1C' (48)
k=j+1 k=j+2

Also notice that
Pr(41,1)t — BR@+1,1) = Covi[R(t + 1,T), R(1, )1 ga 0 (R(1,t) — tra.)- (49)

Let Ig,,, r(1,1)i and g, r+1,7): denote the row vectors that represent the first ¢ elements
and the last 7" — ¢ elements of the ¢ + 1th row vector in Ilg 7). Let O(t) denotes the ¢

dimensional zero vector.
HRt+1R(1,t)ivaIi [R<17 t)] + HRt+1R(t+1,T)iCOVi[R(t + 17 T)? R(L t)] = O(t)/ (5())
as IIr( 1) is the inverse of Y g1 7);. We thus have

Hg,, rpilbre+1,my6 — PR+, = HpeeraniCovi[R(tE+1,T), R(1,t)]
Mg pi(R(1,t) = pra.gi)
= —Ug, ra.niVari[R(1, ) rani(R(1,t) — pire.oi)
= g, rapi(R(L,1) — prani)- (51)
It can further be shown that the equilibrium demand proposed in Theorem 1 satisfy the

following equation:

T-1

1
Dti = - Z HRz+1Rj+1ti/~’LRj+1ti

Y =t
1 T—1 1 t—1

= - Z HRt+1Rj+1i,uRj+1i - Z HRt+1Rj+1i(Rj+1 - MRJ-.HZ')
v (s
1 T—-1 1 t—1

= - Z HRt+1Rj+1i:U’Rj+1i - Z HRt+1Rj+1iRj+1‘ (52>
7% 7=
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At time T, the utility for investor ¢ has the following form:

T-1
Woi + Z DjiRj

=0

Uri = —exp {—7

} . (53)

At time T — 1, there is only one period left and the problem reduces to a maximization

problem in a static setting. Let

PR (r—1) = Br—1yi[Rrl, (54)
UprrRry(r-1)i = Var(_Tl—l)i[RT]' (55)
We have
T-1
Era1[Up] o —/ exXp [—’YZ DjiRj

1
—§<RT — prp(r—1)i) Mgy rpi(Rr — NRT(T—l)i):| dRr

1
X —/ exp |:_[7D(T—1)i - HRTRT(T—l)iMRT(T—l)z‘]RT - 533} dRr
Rr

D1y — 11 —1)i —nil®
X —exp [_ [YD(r—1) Ry Ry (T—1)il Ry (T—1)i] ] . (56)
2l R, Ry (T—1)i
We have the following optimal demands for stock:
Dr_1y; = HRTRT(T—l)z‘MRT(T—l)i/7 (57)

and the equilibrium stock price

f‘ Hpr (T—1)i,uv(T_1),~di — T
P = ? T T e 1)y — Z s 58
o J;HRTRT(Tq)idi Heo(T—1) Y 2y(T-1) (58)

that is, the price is the precision weighted average expectation minus the risk premium.

Notice that 1/ fz HRTRT(T—I)idi = 1/ fz HRTRT(T—I)T = Ev(T—l)r-
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Suppose that the demand is optimal for trading sessions larger than ¢. We show that
the equilibrium demand is also optimal at session ¢. Then by mathematical induction, the
equilibrium demand described in the theorem is optimal for all trading sessions. Notice that
from equation (52), and conditional on the information at time ¢, we have the following

identity for Dy;, k > t:

1 T—1
Dy = — E R, Ry kil R ki
Y=
T-1 k—1
1 1
= - HRk+1Rj+1ti/J/Rj+1ti - HRk+1Rj+1ti(Rj+1 - MRj+1ti)
Y Z_k D>
Jj= J=t
T-1 k—1
1 1
= - E HRk+1Rj+1till’Rj+1ti - E HRk+1Rj+1tiRj+1‘ (59)
75 R
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Plugging in the expression for Dj;, j > t and taking the expectation with respect to

R(t+1,T) at trading session ¢, we have
-1
EulUi] o —/ exp —72 DjiRjq
R(t+1,T) =

1
—§(R(t +1,7T) — presrmye) Hrasrmyu(R(E+1,T) — presr ) | dR(E+1,7T)

t
= —/ exp —’YZDjz‘RjH
R(t+1,T) =0

T-1 T-1

- E E HRJ+1RZ+1MILLRZ+1H E HRJ+1RZ+1tZRl+1]Rj+1

Jj=t+1 I=t

1
—§(R(t +1,7T) — presrme) Hrasrmyu(RE+1,T) — presr ) | dR(E+1,T)

t
x = exXp | =7 DjiRj1
Lo |72 20

Jj=0
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!

1 7j—1

- [ HRj+1Rl+1ti//LRl+1ti - E HRj+1Rl+1tiRl+1]Rj+1

1 I=t l=t

<
I
+

R(t + 1 T) HR(H-I T)tzR(t —+ 1, T) -+ :u,R(t+1,T)tiHR(H'l,T)tiR(t —+ 1, T) dR(t -+ 1, T)

e
R(t4+1,T)

l\')lr—t

t
—7 > DRy

=0

S
S
—

7—1
- [ HRj+1Rl+1ti,uRl+1ti - E HRj+1Rl+1tiRl+1]Rj+1

j=t+1 I=t I=t

+

Tl T-1 j—1

s E HRJ+1RJ+1tZ j+1 T E E HR]+1RH,125’LRZ+1R]+1

]t J=t+1 1=t

T-1T-1

+ Z Z HRJ+1RZ+1tiPJRl+1tiRj+1 dR(t +1, T)

j=t I=t
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t—1 T-1

= — /( )exp [_’VZDjiRjH - [’YDm' - ZHRt+1Rj+1t’ilu‘Rj+1ti]Rt+1
R(t+1,T

j=0 J=t
=
_5 Z HRj+1Rj+1tiR32‘+1 dR(t + 17 T)
j=t
T-1
x —/ exp [—[Vth‘ — ZHRtHRHltz‘MRﬁlti]RHl
Rit1 j=t
1

_§HRt+1Rt+1tiR?+1} AR

T-1
I:’YDt’L - Zj:t HRt+1Rj+1tiluRj+1ti]2] . (60)

X —exp |—
[ 2HRt+1Rt+1ti

The optimal demand can then be determined as
T—-1
Dy =Y g\ ryprtibiR, i
j=t
Q.E.D.

Proof of Proposition 11: The proof is similar to that in Proposition 1-5 and is omitted

here. Q.E.D.
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