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M ean-Variance Optimization: Markowitz, 1950

min —plz + M- 2! Qx
reRn

ely =1

x>0

(1. expected rate of return
(). covariance matrix

x. percentage portfolio holdings
A > 0: therisk aversion parameter
el 1,1, 1]
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e Thecurve (\/z(M\)TQx()\), ulz(N\)), X > 0, forms an efficient
frontier, where x(\) denotes the optimal MV portfolio for \.

e In practice, only estimates /i, Q from afinite set of return samples are
available. MV QP with estimates i and Q isanomina MV problem.

e Actual frontier (Broadie, 1993). calculated using the estimated
efficient portfol i 0S and the true parameter values

(VNI Qxz(N), uTx(N)), A >0
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True efficient frontier: computed using 1 and )

Actual frontier: computed based estimates z and Q using 100 return
samples

Maximum return portfolio: concentrates on a single asset

Optimal portfolio #(\) from estimates /i, Q may not perform well in
reality.
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Estimation Error in Mean Returns

e Given datain afixed time period, increasing frequency of the
observation does not increase the accuracy in the estimate of the
mean.

e Increasing the frequency of observation does improve the estimate of
the volatility (Merton 1980).

In thistalk, we focus on uncertainty in mean returns and assume
covariance () isgiven.
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Examples of research addressing estimation error in MV optimization:

e |ncorporating additional views: Black-Litterman, 1992

e Resampling approach: Michaud (1998), Meucci (2005), - - -

e Baysian approach: Zellner and Chetty (1965), Brown (1976), - - -

e Robust optimziation: Goldfarb and lyengar (2003), Tutinct and
Koenig (2003), Garlappi, Uppa and Wang (2007)
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What About Min-Max Robust Solutions?

max —plx+ Azl Qu
<L HESH,QESQ

S.t. eT:czl, x>0.

e typically asemi-infinite programming problem: computationally
challenging

o 5,50 uncertainty setsfor p and Q)
When uncertainty sets are

e interval uncertainty set: pu;, < u < ug

e dlipsoidal uncertainty set: (i — p)t A(ji — pn) < x

the problem (a semi-definite programming problem) is easy to solve.

Specification of uncertainty sets plays crucial rolesin robust solutions.
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Garlappi, Uppal, Wang (2007) derive an explicit formulafor the min-max
robust solution using the ellipsoidal uncertainty set for i, assuming ) is
known and short selling is allowed.

Their uncertainty set is based on the following statistical result:

Assume that n asset returns have ajoint normal distribution and mean
estimate jz is computed from T' samples. If the covariance matrix @) is
known, the quantity

hasay? distribution with n degrees of freedom.
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Garlappi, Uppal, Wang (2007) derive the analytic solution to:

min max —p'lz + A- 2! Qu
x 1

st. (=)' Q@ (a—p) < x
=1

We show 2 that, even with additional = > 0, the solution to the (above)
min-max robust problem is a solution to the nominal problem

min —plx+ A et Qux

subjectto  elz =1, = >0,

with A > ).

aL. Zhu, T. F. Coleman, and Y. Li, Minmax robust and CVaR robust mean variance port-
folios, 2008. To appear in Journal of Risk.. See also Schottle, K., R. Werner. 2006. Towards
reliable efficient frontiers. Journal of Asset Management 7 128-141 and Meucci, A. 2005,
Risk and Asset Allocation. Springer.
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Min-max Robust Frontier vs Nominal Actual Frontier
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Observations:

e Minmax robust (actual) frontier is a squeezed segment of the frontier
of the nominal problem from the estimate.

e Estimation risk is dealt with in the same way as the return risk.

12
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Interval uncertainty set: uyr < u < ug

min max —p'z+ Az Qu
T pLSp<pR

S.t. eTa:::I, x>0.

The robust solution solves

min —urtr+ -2t Qu

X

S.t. eTa:::I, x>0.

— Minmax robust portfolio depends on 1,
—> Minmax return portfolio (A = 0) concentrates on a single asset

Xiamen, China, July 4-6, 2009
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We can regard uncertainty in parameter ;4 as an estimation risk.

To measure the estimation risk, use the statistical result for the mean
estimates that

?}T__Dnn) (B —m)'Q (i —p)

hasay? distribution with n degrees of freedom.
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Measure Tall Estimation Risk: CVaR

.._Probability
1-p

Loss Distribution

3. confidence level, e.q., 5 = 90%

15



Int Symposium on Risk Management and Derivatives Xiamen, China, July 4-6, 2009

CVaR-Robust M ean Variance Portfolio

Statistics:
T(T —n)

(T —1)n
hasay? distribution with n degrees of freedom.

(B—p)'Q ' (a—p)
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CVaR Robust Actual Frontiers
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Frontiers of CVaR robust portfolios are different from frontiers of
portfolios from nominal estimates.
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The confidence level 5 can be interpreted as an estimation risk aversion
parameter:

e Asf — 1, extreme loss due to uncertainty in p isemphasized. This

corresponds to increasingly strong aversion to estimation risk.

e As — 0, average loss due to uncertainty in y isconsidered. This
corresponds to increasing tolerance to estimation risk.

19
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Composition Comparison: Min-max Robust and CVaR Robust
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For CVaR robust formulation,

e The maximum return portfolio are often diversified.
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Computing CVaR Robust Portfolios

e Computing a CVaR Robust Portfolio by Solving a QP Based on MC

— O(m + n) variablesand O(m + n) constraints, e.g., n = 100,
m = 10, 000

— n x m dense block in the QP

— Computational cost can become large as m and n become large.

e \We propose to compute CVaR robust portfolios using a smoothing
technique # —> solving a smooth optimization problem with

— O(n) variablesand O(n) constraints

axu, H., D. Zhang. 2008. Smooth sample average approximation of stationary pointsin
nonsmooth stochastic optimization and applications. Math. Programming., Ser. A. .
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CPU Comparisons

Xiamen, China, July 4-6, 2009
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Concluding Remarks

When mean return is uncertain for MV portfolio selection,

e Minmax robust with ellipsoidal uncertainty set: squeezed frontier
from MV based on nominal estimates

e Minmax robust with interval uncertainty set: the maximum return
portfolio is never diversified

e CVaR robust:
— different frontiers from nominal estimates

— maximum return portfolios are typically diversified into multiple
assets

— confidence level 5 can be naturally interpreted as arisk aversion
parameter towards estimation risk
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