A Martingale Approach for Testing Diffusion Models Based
on Infinitesimal Operator

Zhaogang Song*
Department of Economics, Cornell University

First Draft: November 2008
This Draft: February 2009

Abstract: I develop an omnibus specification test for diffusion models based on the infinitesimal
operator instead of the already extensively used transition density. The infinitesimal operator-
based identification of the diffusion process is equivalent to a "martingale hypothesis" for the
new processes transformed from the original diffusion process. The transformation is via the
celebrated "martingale problems". My test procedure is to check the "martingale hypothesis" via
a multivariate generalized spectral derivative based approach which enjoys many good properties.
The infinitesimal operator of the diffusion process enjoys the nice property of being a closed-
form expression of drift and diffusion terms. This makes my test procedure capable of checking
both univariate and multivariate diffusion models and particularly powerful and convenient for
the multivariate case. In contrast checking the multivariate diffusion models is very difficult by
transition density-based methods because transition density does not have a closed-form in general.
Moreover, different transformed martingale processes contain different separate information about
the drift and diffusion terms and their interactions. This motivates us to suggest a separate
inference-based test procedure to explore the sources when rejection of a parametric form happens.
Finally, simulation studies are presented and possible future researches using the infinitesimal

operator-based martingale characterization are discussed.

Keywords: Diffusion; Jump Diffusion; Markov; Martingale; Martingale problem; Semi-group; Drift;

Infinitesimal operator; Transition density; Generalized spectrum.

*Correspondence: Zhaogang Song, Uris Hall 445, Department of Economics, Cornell University, Ithaca, NY 14850,
USA. Email: zs43@Qcornell.edu.



1 Introduction

Diffusion processes have proven to be mostly successful in finance over the past three decades in modeling the
dynamics of for instance interest rates, stock prices, exchange rates and option prices. On the one hand, the
continuous flow of information into financial markets makes it intuitive and necessary to use continuous-time
models among which diffusion models may be the most extensively used. On the other hand, the development
of stochastic calculus offers us elegant mathematical tools for solving many important problems in finance
when diffusion models are used. However, while economic theories have implications about the relationship
between economic variables, they usually do not suggest any concrete functional form for the processes; the
choice of a model is somewhat arbitrary. As a result, a great number of parametric diffusion models have been
proposed in the literature, see for example Ait-Sahalia(1996a), Ahn and Gao(1999), Chan, Karolyi, Longstaff
and Sanders(1992), Cox, Ingersoll and Ross(1985), and Vasicek(1977).

Generally a parametric specification of a diffusion model will essentially specify the whole dynamics of the
underlying process, for example, the transition density or the infinitesimal operator of it as a Markov process.
Therefore, model misspecification may yield misleading conclusions about the dynamics of the process by
rendering inconsistent parameter estimators and their variance-covariance matrix estimators. In practice,
such a mis-specified model may result in large errors in pricing, hedging and risk management. Therefore, the
development of reliable specification tests for diffusion models is necessary to tackle such problems. However,
although in the past decade or so substantial progress has been made in developing estimation methods®, both
parametrically and non or semi-parametrically(see Ait-Sahalia(2002b), Jiang and Knight(1997), Kristensen
(2008a,b), Stanton(1997). Bandi and Phillips(2003), for example), relatively little effort has been devoted to
specification and evaluation of diffusion models.

In this study, we will develop an omnibus test for the specification of diffusion models based on the
infinitesimal operator which is an alternative characterization of the whole dynamics of the process to transition
function or transition density used by Ait-Sahalia, Fan and Peng(2008), Chen and Hong(2008a), Corradi and
Swanson (2005), and Hong and Li(2005). By the celebrated "martingale problems" developed by Strook
and Varadhan(1969), the identification of the diffusion process is equivalent to a "martingale hypothesis" for
the processes which come from the transformation of the original diffusion process implied by the "martingale
problems". I then check the "martingale hypothesis" for these processes by extending Hong’s(1999) generalized
spectral approach to a multivariate generalized spectral derivative based test which is particularly powerful
against alternatives with zero autocorrelation but a nonzero conditional mean and which has a convenient
one-sided N (0, 1) limit distribution?. The infinitesimal operator of the diffusion process has the nice property
of being a closed-form expression of drift and diffusion terms. This makes my test procedure enjoy many good
properties which I will discuss in the following.

Since the specification of a parametric diffusion model usually refers to specifying the so-called drift and

diffusion terms, we can roughly summarize the existing researches on specification test of parametric diffusions?

!'Sundaresan (2001) points out that “perhaps the most significant development in the continuous-time field during the last
decade has been the innovations in econometric theory and in the estimation techniques for models in continuous time.” For other
reviews of this literature, see (e.g.) Tauchen (1997).

*Hong’s(1999) test of martingale hypothesis is in spirit similar to Bierens’s(1982) and Bierens and Ploberger’s(1997) integrated
conditional moment tests for model specification. But the latter two has null limit distributions which are a sum of weighted
chi-squared variables with weights depending on the unknown data generating process and cannot be tabulated.

3In recent years, there have been some researches which check the generic properties of a continuous time process and which are
naturally nonparmatric, including the tests of markov property(Ait-Sahalia, 1997; Chen and Hong 2008b), of jumps(Ait-Sahalia



into two categories: the first is focused on the specification testing of either the drift term or the diffusion term,
but not both; the second is concentrated on specification of both drift and diffusion terms which determine the
whole dynamics of the process. Corradi and White(1999), Li(2007), Kristensen(2008a,b) Fan and Zhang(2003),
and Gao and Casas(2008), for example, belong to the first category. The test I will propose belongs to the
second category. Therefore, I will mainly review here the related research in this area and compare my test to
theirs.

Ait-Sahalia (1996a) developed probably the first nonparametric test for univariate diffusion models. By
observing that the drift and diffusion terms completely characterize the stationary (or marginal) density of
a diffusion model, Ait-Sahalia (1996a) checks the adequacy of the diffusion model by comparing the model-
implied stationary density with a smoothed kernel density estimator based on discretely sampled data. Hong
and Li (2005) proposed an omnibus nonparametric specification test based on the transition density, which
depicts the full dynamics of a diffusion process. Their idea is that when a diffusion model is correctly specified,
the probability integral transform of data via the model-implied transition density is i.i.d U[0,1]. Hong and
Li (2005) then check the joint hypothesis of i.i.d U[0, 1] by using a smoothed kernel estimator of the joint
density of the probability integral transform series. As by-products of the Efficient Method of Moments(EMM)
algorithm, a x? test for model misspecification and a class of appealing diagnostic t-tests that can be used to
gauge possible sources for model failure were proposed in Gallant and Tauchen (1996). These test can be used
to test continuous-time models. Their idea is to match the model-implied moments to the moments implied
by a seminonparametric (SNP) transition density for observed data.

Many other tests have appeared recently for univariate diffusion models based on the transition density
directly. Both Ait-Sahalia, Fan and Peng (2008) and Chen, Gao and Tang (2008) proposed some tests by
comparing the model-implied parametric transition density and distribution function with their nonparametric
counterparts with latter using a nonparametric empirical likelihood approach. Corradi and Swanson (2005)
introduced two bootstrap specification tests for diffusion processes. The first, for one-dimensional case, is
a Kolomogorov type test based on comparison of the empirical cumulative distribution function(CDF) and
the model-implied parametric CDF. The second, for multidimensional or multifactor models characterized by
stochastic volatility, compares the empirical distribution of the actual data and the empirical distribution of the
(model) simulated data. Noticing most of the tests for diffusions only apply for the univariate case, Chen and
Hong(2008a) considered a test for multivariate continuous time models based on the conditional characteristic
function(CCF) which is the Fourier transform of the transition density. Given the equivalence between the
transition density and the CCF, they identify the correct specification of the process as a martingale difference
sequence characterization and then generalize Hong’s(1999) generalized spectral approach to propose a test.

Compared to all the tests introduced above, my approach has several advantages. First, like the tests based
on the transition density which characterize the whole dynamics of the process, my test significantly improves
the size and power performance of the marginal density-based test thanks to the use of the infinitesimal
generator and the transform based on martingale problems. Although Ait-Sahalia’s(1996a) marginal density-
based test is convenient to implement, it may easily pass over a misspecified model that has a correct stationary
density. In contrast, my infinitesimal operator and martingale problem based test can pick them up effectively

because infinitesimal operator is also able to identify the whole dynamics of the process and the martingale

2002a; Ait-Sahalia and Jacod 2008; Lee and Mykland 2008; Fan and Fan 2008), of generic diffusion hypothesis(Kanaya 2007), and
SO on.



problem is an equivalent characterization of diffusion process. Therefore, my test is omnibus, unlike Gallant
and Tauchen’s(1996) EMM tests which, as Tauchen (1997) points out, are not consistent against any model
misspecification because they are based on a seminonparametric score function rather than the transition
density itself.

Second, my procedure can be used to check both the univariate and multivariate models in a convenient
way. In fact the transformation based on the martingale problems simplify the test of the specification of a
multivariate diffusion process to the test of the martingale hypothesis for many univariate processes. Moreover,
the test constructed via the generalized spectral derivative has a convenient one-sided N (0, 1) limit distribution
and this further simplifies the testing of multivariate diffusion process. In contrast, as discussed in Chen
and Hong(2008a), many tests for univariate models introduced above cannot or at least are difficult to be
extended to test the multivariate models. For example, Hong and Li’s (2005) approach cannot be extended
to a multivariate context. The reason is that the probability integral transform of data with respect to a
model-implied multivariate transition density is no longer i.i.d U0, 1], even if the model is correctly specified.
Although Hong and Li (2005) evaluate multivariate affine term structure models for interest rates by using the
probability integral transform for each state variable, it may fail to detect misspecification in the joint dynamics
of state variables. In particular, their test may easily overlook misspecification in the conditional correlations
between state variables. Chen and Hong(2008a) do have the ability to check multivariate diffusion models
but their test depends crucially on the availability of closed-form CCF. There will be additional computation
burden if CCF does not have a closed-form and numerical methods have to be employed to obtain the CCF
from transition density.

Third, my infinitesimal operator based procedure requires nothing except the drift and diffusion terms and
hence is simple to implement. This is due to the fact that the infinitesimal operator has always an explicit
closed-form expression in terms of the drift and diffusion functions. It is well known that the transition density
of most continuous time models has no closed form. As a result, some techniques to approximate the transition
density is required in the transition based tests(see Hong and Li (2005), Ait-Sahalia, Fan and Peng (2008)), for
example, the simulation methods of Pedersen(1995) and Brandt and Santa-Clara(2002), the Hermite expansion
approach of Ait-Sahalia (2002b), or for affine diffusions, the closed-form approximation of Duffie, Pedersen,
and Singleton(2003) and the empirical characteristic function approach of Singleton (2001) and Jiang and
Knight(2002). Although the asymptotic distribution of some tests(like Hong and Li(2005)) is not affected by
the estimation uncertainty, the use of the transition density may not be computationally convenient and may
affect the finite-sample performance of the test. In contrast, the infinitesimal operator always has an explicit
closed-form expression which can be identified by the drift and diffusion terms. Therefore, we do not need any
approximation technique and the test is easy to implement and computationally convenient.

Fourth, the infinitesimal operator based martingale characterization of diffusion process can reveal separate
information about the specification of drift and diffusion terms or even their interactions. This is a property
which no other approaches enjoy so far. Although other methods can truly check the specification of the
drift or diffusion terms by nonparametrically smoothing only one of them, the infinitesimal operator based
martingale characterization proposed in this study brings up this type of information in an essential way. In
fact, the transformed martingale processes based on infinitesimal operator and "martingale problems" contain
separate information about the drift and diffusion terms or their interactions. This motivates me to suggest

several feasible tests which are to do separate inference to explore the sources when rejection of a parametric



form happens.

Of course, this is not the first time the operator methods are used for econometric inference of continuous
time processes. See Ait-Sahalia, Hansen and Scheinkman(2004) for a survey. Hansen and Scheinkman(1995)
use infinitesimal operator based moment conditions to derive a GMM-type estimator for time reversible markov
processes, including diffusion models. However, the moment conditions used there can only identify the
diffusion process up to scale and therefore are not a complete characterization. Moreover, it has to assume
the reversibility. Kessler and Sorenson(1996) suggest an estimating equation estimator using the conditional
moment restrictions implied by knowledge of an eigenfunction of the infinitesimal operator. But their method
has an essential impediment, i.e., it is difficult to compute the implied eigenfunctions from the parametric
drift and diffusion terms. Hansen, Scheinkman and Touzi(1998) nonparametrically identify scalar diffusion
processes via a conveniently chosen eigenvalue-eigenfunction pair of the conditional expectation operator over
a unit interval of time. Hansen and Scheinkman(2003) develop a semi-group theory for Markov pricing with
semi-group representing a family of operators that assigns prices today to payoffs that are functions of the
Markov state in the future. The relation between the infinitesimal operator and semi-group of operators is
that the former is the generator of the latter(see Section 2 in the following for details).

The studies using operator methods above are mainly about identification and estimation. For testing
prblems, a new test also based on infinitesimal operator has been proposed recently by Kanaya(2007). This
test is mainly to check whether a continuous-time Markov process is a diffusion process instead of checking
whether a parametric form of the diffusion process is correct. In other words, the latter assume that the
underlying process is a diffusion and check if the parametric specification of the drift and diffusion terms
is right, while Kanaya’s (2007) test assume the underlying process is only a continuos time Markov process
and check if the process is truly a diffusion. It is based on the direct comparison of Nadaraya-Watson type
estimators(evaluated at some test functions) for the general continuous-time Markov process and the diffusion
process.

Compared to these econometric studies using operator methods, my infinitesimal operator based martin-
gale approach has several nice advantages over them. First, my martingale characterization is a complete
identification of the diffusion process unlike Hansen and Scheinkman’s(1995) identification up to scale. Sec-
ond, the martingale identification implies closed-form expressions in terms of drift and diffusion coefficients
while the eigenfunctions used in Kessler and Sorenson(1996) and Hansen, Scheinkman and Touzi(1998) are
difficult to obtain in general. Third, my proposed test procedure is a specification testing for the parametric
diffusion process while Kanaya(2007) is checking the generic diffusion hypothesis. In fact, to the best of my
knowledge, my test procedure is the first specification testing for parametric diffusion processes via operator
methods. This is important since operators are an important tool to analyze and characterize continuous time
stochastic processes and most econometric researches using operators so far are only for identification and esti-
mation. Fourth, my test procedure can be extended to nonparametrically test the generic diffusion hypothesis
checked in Kanaya(2007) while the latter’s approach is not convenient to check the parametric specification
for which my test is powerful. Therefore, it is a more general procedure based on infinitesimal operator than
Kanaya(2007). The idea is to nonparametrically estimate the drift and diffusion terms and then use the similar
test procedure to check the martingale property of the transformed processes. Of couse, more work needs to be
done relative to that in this paper because the convergence rates of nonparametric estimators are slower than

those for parametric estimators which are usually /n for sample size n. This research is being inverstigaed



and will be reported soon. Fifth, my procedure can conveniently check the multivariate diffusion models but
Kanaya’s (2007) test is not easy to extend for this situation. For Kanaya’s (2007) test of generic diffusion
hypothesis, "it may not necessarily be an easy task as hinted by Rogers and Williams(2000, p.243):’"The moral
is that for dimension n > 2, infinitesimal operators are not really the right things to look at’"(Kanaya 2007).

The paper is organized as follows. Section 2 clarifies the relationship between a stochastic differential equa-
tion and a diffusion process and then introduces the hypotheses of interest for a multivariate time-homogeneous
diffusion. Section 3 discusses the construction of the test by a multivariate generalized spectral derivative ap-
proach. Test procedures for doing separate inference are suggested in Sectiond. Asymptotics of the test are
presented in Section 5, including the asymptotic distribution and asymptotic power. The applicability of a
data-driven lag order is also justified and a plug-in method considered. In Section 6, I examine the finite sam-
ple performance of the test procedure by Monte Carlo simulations. Section 7 concludes and discusses possible
future researches around the infinitesimal operator based martingale characterization. All the mathematical
proofs are in the Appendix. Throughout, we use C' to denote a generic bounded constant, |||| for the Euclidean

norm, and A* for the complex conjugate of A.

2 Infinitesimal Operator Based Martingale Characterization

As we know, the diffusion models in finance are usually specified in terms of a stochastic differential equation:

dX; = b(Xt)dt + O'(Xt)th (21)

where W; is a d x 1 standard Brownian motion in R% b : E ¢ RY — R? is a drift function(i.e., instanta-

Rdxd

neous conditional mean) and o : £ — is a diffusion function(i.e., the instantaneous condition standard

deviation). We will call (2.1) a SDE-diffusion process. Obviously, {X;} is a multivariate process.

What we are interested in is to test a parametric form or specification of a SDE-diffusion, i.e., the true
drift
b0 e My £ {b(-,0),0 € ©}

and the true diffusion
o’ e M, £ {o(-,0),0 € O} (2.2)

where O is a finite-dimensional parameter space. We say that the model M, and M, are correctly specified
for drift 1°(X;) and diffusion 0%(X;) respectively, if
Hy : P[b(Xy,00) = 0°(Xy), 0(Xy,00) = 0°(Xy)] = 1, for some 0 € © (2.3)
The alternative hypothesis is that there exists no parameter value § € © such that b(X;,0) and o(Xy,6)
coincide with °(X;) and 0%(X;) respectively, that is
Hy: Pb(Xy,0) = 0%(Xy), 0(X¢,0) = 0%(Xy)] < 1, for all € © (2.4)

We will test whether a continuous time SDE-diffusion is correctly specified using { X;aA}?_;, a discrete sample

of {X;} observed over a time span 7" at interval A, with sample size n = T'/A.



Since in this study I am relying on an alternative characterization of a continuous-time Markov process to
transition density, i.e., the infinitesimal operator, while in finance a diffusion process is usually specified via a
stochastic differential equation(SDE), I will discuss frist some related mathematical concepts and clarify their

relationship. By Rogers and Williams(2000, Ch IIL.1), a continuous time Markov process is defined as follows:

Definitionl: A Markov process X = (Q, {F:}, {X¢}, { P}, {P*,x € E}),>, with state space (E,¢) is an
E-valued stochastic process adapted to the sequence of o-algebras {F;} such that
for0<s<tand z € E, E*[f(Xsyt)|Fs] = (P f)(Xs), P*-a.s.
where {P;} is a transition function on (F,¢), i.e., a family of kernels P, : E x ¢ — [0, 1] such that
(i): for t 2 0 and = € E, P,(x,-) is a measure on ¢ with P,(z, F) < 1
(ii): fort 20 and I" € €, P(-,T") is e-measurable
(iii): for s,t 20,z € Eand I € ¢,

Prya(,T) = /E Py(z, dy)P;(y.T) (2.5)

In this definition, the Markov property is characterized by the transition function (or transition density
when the density of transition function exists) and (2.5) is the so-called Chapman-Kolmogrov equation. An
alternative and equivalent characterization is the indued famliy {P;} which is a set of positive bounded op-
erators with norm less than or equal to 1 on be(bounded and e-measurable functions) and which is defined

by:
Bf(z) = (Pf)(x) = /E Py, dy) f(y) (2.6)

In this case, the markov property is expressed as the following semi-group property equivalent to the Chapman-

Kolmogrov equation:

P,P, = Pyy4,for any s,t =2 0 (2.7)

Both transition function and the semi-group of operators characterize the Markov process and interact with
the sample-path property of the process. However, since the general Markov process consists of too many
processes and is too broad, we choose to focus on the more interesting subclass, Feller process. By Rogers and
Williams (2000, Ch II1.6), Feller process is defined as follows :

Definition2: The transition function { P };>q of a Markov process is called a Feller transition function if
(i): P.Cop C Cp forallt =0
(ii): for any f € Cp and z € E, P,f(x) — f(z) as t | 0, where Cp = Cy(E) is the space of

real-valued, continuous functions on £ which vanish at infinity and Cj is endowed with the sup-norm.

Feller process has good path properties® and is also general enough to contain most processes we are

interested in, for example, Feller diffusion which will be defined below and has been extensively used in finance,

‘By Rogers and Williams(2000, Ch II1.7-9), the canonical Feller process always admits a Cadlag(the path of the process is right
continuous and has left limits) modification and satisfies the strong Markov property



and Levy process including Poisson process and Compound process which has received more and more attention
in finance recently(see Schoutens, 2003). For Feller processes, we will consider another characterization, the
infinitesimal operator, other than the transition function and semi-group of operators introduced above which

are for the general Markov process.

Definition3: A function f € Cj is said to belong to the domain D(A) of the infinitesimal operator of a
Feller process X if the limit

. Pf—f
Af =lim ——— 2.8
f=lim—= (2.8)
exists in Cp. The linear transformation A : D(A) — Cj is called the infinitesimal operator of the process.
Immediately from the Definition3, we see that for f € D(A), it holds P-a.s. that
X — f(X,
B <f( ”’"‘)h f(X0) ]ft) = Af(X¢) +o(h),as h | 0 (2.9)

In this sense, the infinitesimal operator indeed describes the movement of the process in an infinitesimally
small amount of time. Therefore, intuitively the infinitesimal operator characterizes the whole dynamics of a
Feller process because the time is continuous here®.

So far we have had Feller process for which three complete characterization of the dynamics are available:
transition function(or transition density), semi-group of operators and infinitesimal operator. In the following,
we will consider probably the most popular processes used in continuous time finance which we are going to
test, the diffusion processes. By Rogers and Williams(2000, ChIII.13),

Definition4: A Feller process with state space F C R? is called a Feller diffusion if it has continuous
sample paths and the domain of its infinitesimal operator contains the function space C2°(int(E)) which is the

space of infinitely differentialbe functions with compact support contained in the interior of the state space E.

We can see that the Feller diffusion is defined through the combination of the sample path properties and
the restrictions imposed on the infinitesimal operator. A very convenient property of Feller diffusion is that
its infinitesimal operator has an explict form. According to Kallenberg(2002, Thm 19.24) and Rogers and
Williams (2000, Voll, Thm I11.13.3 and Vol2, Ch V.2), for a Feller diffusion {X,}, there exist some functions

a;j and b; € C(RY) for 4,5 = 1,--- ,d where (ai,j)d

i j—1 forms a symmetric nonegative definite matrix such that

the infinitesimal operator is

Af(@) = Y b@ @) + 5 3 el s (@) (210)

for f € D(A) and z € R4

Now we have arrived at the Feller diffusion and its infinitesimal opetator which has a closed form. Also we

SRigorouly, it can be proved that the infinitesimal operator is equivalent to the semi-group of operators in characterizing a Feller
process(see the Hill-Yoshida theorem in Dynkin(1965)). Therefore, infinitesimal operator does determine the whole dynamics of
the process.



have SDE-diffusion (2.1) at hand. Then what is the relationship between them? By Rogers and Williams(2000,
ChV.2 and V.22), under some regularity conditons, they are equivalent. That is, for a Feller diffusion as in
Definition4, there is a corresponding SDE-diffusion and also a SDE-diffusion like (2.1) is a Feller diffusion,
where the function b(-) are the same and a = oo’ i.e., a;j(z) = Zzzl oik(x)ojk(x). Therefore, the SDE-
diffusion which has been analyzed extensively in continuous-time finance and which belongs to the class of
Feller process also has (2.10) as the closed-form infinitesimal operator.

Since many processes in finance are univariate(for example, see Ait-Sahalia 1996a for some univariate
models for term structure of interest rate), I consider a univariate diffusion here for illustration. A univariate
diffusion is defined as dX; = b(X;)dt + o(X;)dW; with W; a 1-dimensional standard Brownian motion in R,
b: E CR — R adrift function and o : E — R a diffusion function. Then by (2.10) and the discusstion above,

the infinitesimal operator for this univariate diffusion is

Af(@) = b@)f (@) + 5o*@)f (@) (211)
Clearly the first term involving the first derivative of function f(-) is related to the dynamics of drift and
the second term involving the second derivative of function f(-) to the dynamics of diffusion function. This
is consistent with the intuition that drift describes the dynamics of mean and the diffusion describes that
of variance of the process(see Nelson 1990 for more discussion which proves that the diffusion process is the
approximation of an ARCH process). However, this intuition is not always right due to the continuous nature
of the time. Consider the infinitesimal changes of this univariate diffusion process. By (2.9) and (2.11), for
any f € D(A), it holds P-a.s. that

E <f(Xt+h)h_ fiXe) ‘}—t> = b(Xt)fl (Xt) + %UQ(Xt)f (Xt) +o(h),as h | 0 (2.12)

Therefore, the dynamics of {X;} are characterized completely by the drift and diffusion coefficients, including
the conditional probability law. However, in discrete time series models, the mean and variance solely cannnot
determine the complete conditional probability law unless it is gaussian. Therefore, it is not right to simply
think of drift and diffusion terms as the continuous time counterparts of conditional mean and variance
respectively. In fact, the conditional mean of the process {X;}, F [X; 11| X;] for a fixed h > 0 is a function of
both the drift b(-) and diffusion o(-) instead of the drift solely(see Ait-Sahalia 1996a).

From the discussions above, for SDE-diffusion which is also a Feller diffusion, there are at least two
characterizations we can use to identify the whole dynamics of the process: the transition function and the
the closed-form infinitesimal operator which is also the generator of the third characterization, semi-group of
operators. The former, also well known as transition density when the density of transition function exists, has
been the primary tool to analyze the diffusion process, not only in estimation(see Ait-Sahalia 2002b) but also
in the construction of specification tests (see Hong and Li 2005, Ait-Sahalia, Fan and Peng 2008). However, as
we discussed in Secionl, specification of drift and diffusion terms rarely give a closed-form transition density.
In contrast, (2.10) and (2.11) tell us that the infinitesimal operator does have a direct and explicit expression
and this nice property makes it a convenient tool for analyzing the diffusion process. It has already been used
in identification and estimation problems as discussed above and the idea of constructing a specification test
for diffusion process comes up naturally.

To construct a test of diffusion based on infinitesimal operator, I consider a transformation based on the



celebrated "martingale problems". This transformation gives us a martingale characterization for diffusion
processes which is not only a complete identification but also very simple and convenient to check. Let me
first define the martingale problem(see, Karatzas and Shreve(1991), Chb5.4):

Definition5: A probability measure P on (C[0,00)%, B(C[0,00)%)) under which

Mtf = f(Xy) — f(Xo) — /t(Af)(Xs)ds is a martingale for every f € D(A) (2.13)
0

is called a solution to the martingale problem associated with the operator A.

How is the martingale problem related to the SDE-diffusion? As we know, SDE has two types of solutions:
strong solutions and weak solutions(see Karatzas and Shreve(1991), Ch5.2-3 or Rogers and Williams(2000),
ChV.2-3 for details). Intuively, the strong solution is a solution to SDE with a.s.properties and a weak solution
is that to SDE with in law properties. When the drift and diffusion terms of a SDE satisfy the Lipschitz and
linear growth conditions, there is a strong solution to the SDE. But for general drift and diffusion terms, a
strong solution may not exist;in this case, probablists usually attempt to solve the SDE in the "weak" sense of
finding a solution with the right probability law. The martingale problem is a variation of this "weak solution
approach" developed by Strook and Varadhan(1969) and is in fact equivalent to the weak solution of a SDE

as shown by the following:

Theorem1: The process {X;} is a weak solution to the SDE (2.1) if and only if it satisfies the martingale
problem of Definition5 with A as the infinitesimal operator of {X;} as defined in (2.10).

Now we have shown that the weak solution of a SDE is equivalent to the martingale problem. When
strong solution exists the weak solution will coincide with it. Hence it is enough to consider the weak solution
identification for doing econometric inference because regularity conditions for the existence of strong solution
are usually satisfied and thus imposed in analysis®(see Protter 2005 for some regularity Lipschitz conditions
for the existence and uniqueness of a strong solution to a SDE).

By Theorem1 and (2.13), the correct specification of a SDE-diffusion is equivalent to whether the martingale
problem is satisfied, implying that the hypotheses of interest Hy in (2.3) versus Hy4 in (2.4) can be equivalently

written as:

Hj : For some 0y € O, Mtf(eo) = f(Xy) — f(Xo) — fg(Agof)(Xs)ds is a martingale for every f € D(A),

d d d
where Ag, f(z) = > bi(x;00)f;(x) + 5 Y aij(x;00)f; ;(x) and aij(w;00) = Y 0ix(w; 00)ok(w;00) (2.14)

i=1 ij=1 k=1

N | —

Versus
Hy : For all 0 € ©, M/ (0) = f(X;) — f(Xo) — fot(.Agf)(Xs)ds is not a martingale for some f € D(A),

%1 thank Professor Philip Protter for suggesting this point to me.



d d d

where Ay f(z) = Zbi($§ 0)f;(z) + % Z a;j(x; Q)fz/:](x) and a;;(z;0) = Z%‘,k(ﬂ 0)o ;i (x;0) (2.15)

i=1 ij=1 k=1

Now we have transformed the correct specification hypothesis of a multivariate time-homogeneous diffu-
sion into a martingale hypothesis for some new processes based on the infinitesimal operator and martingale
problems which is very convenient to check. Observe from (2.14) that what we have to is only to check the
martingale property for the transformed processes Mtf for every f € D(A). However, there are usually an
infinite number of functions f(-) in the domain D(.A) which are usually called test functions(note that D(.A)
contains the function space C2°(int(E)) as a subset for Feller diffusion defined in Definition4). Hence we unfor-
tunately have to check the martingale property for infinitly many processes {Mtf } for test function f € D(A).
It is definitely impossible in practice and we need a subclass of D(.A) which not only consists of finitely many
function forms but also plays the same role as D(A) does. Luckily, the following celebrated theorem gives an

equivalent subclass by which a practical test procedure can be constructed easily”.

Theorem?2: The process {X;} is a weak solution to the SDE in (2.1) if it satisfies the martingale problem
of Definition5 with A as the infinitesimal operator of {X;} for the choices f(z) = z; and f(z) = z;x; with
1<i,j<d

At first glance, this result may appear confusing because f(z) = z; and f(z) = z;2; do not belong to D(A)

which is a subset of Co(R?). To get an intuition for this important result, let me choose sequences {ggK)}%ozl
(

() (K) — zizj for ||z|| < K. If Mo

and {gg()}%o:l in function space Cp(R?) such that g;"’(z) = z; and 9ij
and M gfj{ : are martingales, then M% and M%4 are local martingales. A similar result to Theoreml with
local martingale replacing martingale then tells us that {X;} is a weak solution to the SDE in (2.1). See the
proof in Appendix for details. Of course, the converse of Theorem2 only holds with local martingale replacing
martingale. However, since examples which are local martingales but not martingales are few and too artificial
in certain sense even when they exist®, I regard them as almost the same and do not pay much attention
to their difference in this study”. Actually, by imposing certain regularity conditions, a local martingale can
become a martingale(see Protter 2005 for such techniqual conditions). But I do not explore them here since
it is not the focus of this study and could certainly distract the attention. To sum up, Theorem2 implies that

the hypotheses of interest Hp in (2.14) versus H4 in (2.15) can be equivalently written as:

Hy : For some 6y € ©

"We can also reduce the space of test functions to an equivalent subclass by the method considered in Kanaya(2007) which is
based on the concept of a core and "approximation" theory. Since my reduced space of test functions constructed by Theorem?2 is
much more simple and intuitive than that in Kanaya(2007), I do not use that method here. Also see Hansen and Scheinkman(1995)
and Conley, Hansen, Luttmer and Scheinkman(1997) for more discussions about choices of test functions.

8See Karatzas and Shreve(1991), p.168 and 200-201 for some examples which are local martingales but not martingales.

9When the difference really matters, the local martingale property can be used in the specification testing of diffusion models.
The idea is to use the fact that the time-changed continuous local martingale by quadratic variation is a standard Brownian
Motion(see Andersen, Bollerslev & Dobrev(2007) and Park(2008) for details). Since this approach is closely related to time-
dependent diffusion models and the test procedure will be very different, I do not pursue it here. But the research on it is being
investigated and will be reported soon.
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t
M (0o) = X} — X —/ bi(Xs;00)ds
0

t d
MEP (6g) = XTo™ — XTI _ / lbi(xs;eo)xg +b;(X;00)XE+ > 03 k(X3 00)06(Xs300) | ds (2.16)
0 k=1
are martingales for 1 <1,j <d.
Versus
Hy :Forall € ©
either M () or M,""7(0) is not a martingale for some 4,5 = 1,--- ,d (2.17)

where M () and M, () are defined as in (2.16) with 6 replacing 6

This greatly simplifes the hypothesis and makes the testing of the specification completely practical. Two
things are worth pointing out here. The first one is that my hypothesis of correct specification can be ex-
pressed explicitly by the drift and diffusion terms. Therefore, any spcification of the diffusion model can be
tested directly without computation of transition density and the asymptotic distribution is completely free
of estimation uncertainty as long as the estimator is y/n-consistent. In contrast, the transition density based
methods like Hong and Li(2005) or Ait-Salalia, Fan and Peng(2008) have to approximate the model-implied
transition density first because the transition density hardly has a closed-form. Furthermore, this explicit
expression enables my test procedure to be free of the so-called "nuisance parameter" problem encountered
in Chen and Hong(2008a) which constructs a test of multivariate diffusion based on conditional characteristic
function with nuisance parameters. The second is that my procedure transforms the specification test of a
multivariate d-dimensional diffusion process into tests of martingale property for d = (d? 4+ 3d)/2 univariate
processes. This makes my test procedure particularly covenient for the specification of multivariate diffusion
processes which is very difficult by the transition density based methods.

Similarly for the univariate diffusion process {X;} by (2.11), the correct specification hypotheses of interest

are:

Hy : For some 6y € ©

t
Mtz(eo) = Xt - Xo - / b(Xs; eo)ds
0
t
MfQ (00) = X7 — X2 — / [2b(Xs;60) X5 + o?(Xs; 00)] ds are both martingales (2.18)
0
VErsus

Hy :Forall € ©

either M (6) or Mth (#) is not a martingale
where M;*(0) and Mtxz(ﬁ) are defined as in (2.18) with 6 replacing 6y (2.19)
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For the convenience of constructing a test procedure, I further state the following equivalent hypotheses of

correcet specification in terms of the m.d.s.property for the tranformed processes.

Hy : For some 6 € ©, E [Z;(00)|Z,] = 0 for any t' < t, where Iy = o{ Xy} oy is the sigma-field generated

by the past information of {X;} at time t" and Z1(0o) is a vector with components for 4,j =1,--- ,d

t
ZH(00) = M (8y) — M (60) = X — Xi_, — / bi(Xs: 00)ds
t—1

247 (80) = M (B0) — M (6o)
= XtZXg — X;_ng_l — /t X [bi(Xs;Ho)Xg + bj(Xs; QO)X; + Zai,k(Xs§90)Uj,k<Xs§90) ds (2.20)
- k=1

versus

Hy : Forall €O, E[Z(9)Z,] #0 for any t <t
where Z,; and Z;(0) is defined as in (2.20) with 0 replacing g (2.21)

Corresponding to (2.20) and (2.21) for multivariate diffusion models, the m.d.s.representation of hypotheses
of intersest for univariate case is:

Hy : For some 0y € ©, E[Z(00)|Zv] = 0 for any ¢’ < t, where Z;(6y) = (Zf(@g), Zf2(90)>/, Ty is defined
as in (2.20), and

t
ZE(0p) = M{F(0g) — MF 1(00) = X — X1 —/ b(Xs;00)ds

t—1
t
ZF(00) = M (00) — M (0) = X2 — X2, — / [26(X5; 00) X + 02(Xs;00)] ds (2.22)
t—1
Versus
Hy: For all 0 € ©, E[Z(0)|Zy] # 0 for any t' < t,
where Zy is defined as in (2.21) and Z;(0) is defined as in (2.22) with 6 replacing 60 (2.23)

3 Test Procedure based on Multivariate Generalized Spectral Derivative

In this section, I shall construct a test procedure of the correct specification hypotheses Hy versus H4 in (2.20)

and (2.21) for the multivariate diffusion process. As an illustration, I shall also present the test procedure for
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Hj versus H 4 in (2.22) and (2.23) for univariate diffusion process which is a special case of that for multivariate
case. The sample data is discrete in time, i.e., {X A }!_; observed over a time span 7' with sampling interval
A and sample size n = T'/A. Therefore, the process is in continuous time but the data sample is discrete. This
is a general problem in continuous-time series econometrics not only for testing but also for estimation(see Lo
(1988) and Ait-Sahalia(1996a,b) for discussions about the estimation of the discretized version of a continuous-
time model). Like Ait-Sahalia(1996b), Hong and Li(2005) or Kanaya(2007), I will consider the discrete time
implications of the m.d.s. property which is derived in continuous time'®. The asymptotic scheme I use here
is n = T/A — oo. It can be obtained by either infill(A — 0) or long span (T' — oo)!! instead of both and this
implies that my test procedure can be applied to both high-frequency and low-frequency data. In contrast,
many other papers like Stanton (1997), Bandi and Philips(2003), and Kanaya(2007) assume A — 0 and hence
can only be used for high-frequency data.

The null hypothesis is that E[Z;(6)|Zy] = 0 for any ¢ < t, where Iy=c{Xy}y-yp is the sigma-field
generated by the past information of {X;} and Z;(6y) is a vector with components defined in (2.20). Also by
(2.20), this implies

E [Zt(eo)yzﬁ] =0 for any ¢’ < t, where Z7 = {Zy (00) }sr v (3.1)

where I7 is the sigma-field generated by past information of {Z;(6p)}!%. Since the sample data we have is
{Xi,t =1A}!_, with n = T/A, an application of the Law of Iterated expectation as well as (3.1) implies that

E [Z:a(00)|Z7_1] = 0, where TZ_; = 0{Z(+_1)a(00), Z(r—2)a(00), - - , Za(00), Zo(00)} (3:2)

Observe that (3.2) is a m.d.s. property for discrete time process { Z;a (6o) }7—, and it is derived as an implication
of the m.d.s.property in continuous time instead of a result from the discretization of the continuous time
process. In this respect, it is similar to the approaches of Ait-Sahalia(1996a,b) and Lo(1988) which deal with
estimation problems and therefore is free of the discretization errors which are discussed in Lo(1988) in the
context of estimation. Moreover, this property is also the reason why my test procedure based on (3.2) is only
assuming n = T'/A — oo for asymptotic theory and applicable to both low and high fiquency data. In contrast,
other procedures using the discretization scheme of a continuous time model only apply to high frequency data
and henthfore a little restricted(for example, see Gao and Casas(2008) and Fan and Zhang(2003)).

As discussed above, my test procedure will be based on checking whether (3.2) is true or not. However, it is
not a trivial task to check this. First, the conditioning information set ITZ_l has an infinite dimension as 7 — oo
and then there is a "curse of dimensionality" difficulty associated with testing the m.d.s.property. Second,
{Z:A(6p)} may display serial dependence in its higher order conditional moments. Any test should be robust

to time-varying conditional heteroskedasticity and higer order moments of unknown form in {Z;a(6p)}. To

10T he discretization can be justified by Zahle(2008) who proves rigourously that the discrete time processes solving the disctete
analogue of the martingale problem approximate weakly the solution of the stochastic differential equation under additional
assumption on the moments of the increments.

"UBandi and Phillips(2003) argued that both the infill and long-span assumptions are needed to estimate continuous-time
(diffusion) process fully non-parametrically.

T,/ can still be used here and this actually simplifies the test statistic in M, (p) (3.9) because {X;} is only d-dimensional while
{Z} is a 2d -dimensional process. The test procedure constructed this way can be called a generalized cross-spectral derivative
approach. I do not follow this method here mainly to simplify the notations. And because of the close relationship between {X;}
and {Z:} which can be seen from (2.20), it will not matter too much for the final result.
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check the m.d.s.property of {Z,;A(00)}, I extend Hong’s(1999) generalized spectral approach to a multivariate
generalized spectral derivative method. The idea is similar to Hong and Lee(2005) which considers testing
time series conditional mean models with no prior knowledge of possible alternatives. The difference is that
here the process I check for m.d.s.property is transformed explicitly from the original process while the process
Hong and Lee(2005) check is the estimated residuals from a conditional mean model. Furthermore, the process
{Z:A(6p)} is multivariate but that in Hong and Lee(2005) is only univariate. Therefore, the problem here
is more complicated and we need to extend the generalized spectral approach to an multivariate one while
keeping the property of being free of "curse of dimensionality". Hong and Lee(2004) does extend the generalized
spectral approach to an multivariate case for testing multivariate volatility models. However, what they check
there is a condition on the volatility martrix of the estimated residuals and thus is different from (3.2) here
which is a condition on the mean. The multivariate generalized spectral derivative approach used here is much
more simple and intuitive.

Suppose {Z,} is a strictly stationary process with marginal characteristic function p(u) = E(e™'%) and
pairwise joint characteristic function ¢, (u,v) = E(e" %+t %r—im)) where i = v/—1, u,v € RY, and m =
0,%1,---. The basic idea of the generalized spectrum is to consider the spectrum of the transformed series
{e'Z=1 Tt is defined as

o0

flw,u,v) = — Z om(u,v)e”™ ™ w € [, 7]

m=—0oQ

where w is the frequency, and o,,(u,v) is the covariance function of the transformed series:

Om(u,v) = cov(e™ 4 eV Zr=iml) m =0, +1, - - - (3.3)

Note that the function f(w,u,v) is a complex-valued scalar function although Z; is a d’ x 1 vector. It
can capture any type of pairwise serial dependence in {Z;}, i.e., dependence between Z,; and Z,_,, for any
nonzero lag m, including that with zero autocorrelation. First, this is analogous to the higher order spectra
(Brillinger and Rosenblatt, 1967a,b) in the sense that f(w,u,v) can capture the serial dependence in higher
order moments. However, unlike the higher order spectra, f(w,u,v) does not require existence of any moment
of {Z;}. This is important in economics and finance because it has been argued that the higher order moments
of many financial time series may not exist. Second, this can capture nonlinear dynamics while maintaining
the nice features of spectral analysis, especially its appealing property to accommodate information in all lags.
In the present context, it can check the m.d.s.property over many lags in a pairwise manner, avoiding the
"curse of dimensionality" difficulty. This is not achievable by other existing tests in the literature which only
check a fixed lag order.

The generalized spectrum f(w, u,v) itself cannot be applied directly for testing Hy, because it will capture
the serial dependence not only in mean but also in higher order moments. However, just as the characteristic
function can be differentiated to generate various moments of {Z;}, f(w,u,v) can be differentiated to capure

the serial dependence in various moments. To capture(and only capture) the serial dependence in conditional
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mean, one can consider the derivative:

o0

0 1 ;
f(O,l,O) (w, 0, U) = %f(w, u, 'U)|u:O = % m:Z_OO U%’O) (07 ,U)e—zmw7 w e [_ﬂ-a 77]
where 5
o(10)(0,0) = %Jm(u, V) lumo= cov(iZ,, e %r=im) (3.4)

(1,

is a d'x1 vector. The measure o, )(0 v) checks whether the autogregression function E[Z; | Z,_,,] at lag order
m is zero. Under some regularity conditions, agn )(O v) =0 for all v € R if and only if E (Z: | Zr—m] =0,
a.s'3.

It should be noted that the hypothesis of E [Z,(0) | Z,—1] = 0 a.s.is not exactly the same as the hypothesis
of E[Z; | Zr—m] = 0 a.s. for all 7 > 0. The former implies the latter but not vice versa. There exists a gap
between them. This is the price we have to pay to deal with the difficulty of the "curse of dimensionality".
Nevertheless, the examples for which E[Z; | Z,_] = 0 a.s. for all 7 > 0 but E[Z;(0) | Z-—1] # 0 a.s.may
be rare in practice and are thus pathological. Even in cases for which the gap does matter, it can be further
narrowed down by using the function F[Z; | Z;_,,, Z;—;] which may be called the bi-autoregression function of
Z; at lags (m,1). An equivalent measure is the generalized third order central cumulant function a( ’ )(0 v) =
cov [Zr, exp (10} Zy . + i0hZ-_;)], where v = (v1,v9) € RY x R¥. This is a straightforward extenslon of
generalized bispctrum ananlysis proposed in Hong and Song(2008) for univariate processes.

In the present context, I supress A and 6y and then let Z, = Z,;A(6p) for the simplification of notations.
Obvisouly, Z, cannot be observed. We can first estimate the parameter 6y by the random sample { X a}7_;
to get a y/n-consistent estimator. Then the estimated processes Zr=Zn (5) is obtained. Examples of 0 are
approximated transition density based estimator in Ait-Sahalia(2002b), simulated MLE in Pedersen(1995) and

so on. Then we can estimate f(O19(w,0,v) for process {Z,(#)} by the following smoothed kernel estimator:

FOLO(w, 0,0 Z (1= [ml/n)k(m/p)5 (% (0,v)e ™™, w € [~, 7] and v € RY

where 5(19)(0,v) = %Em(u,v) lu=0, Om(u,v) = @, (u,v) — §,,(u,0)$,,(0,v), and

n

1 1 17
Bmnlwv) = S o et At i (3.5)

n—|m
T=|m|+1

Here, p = p(n) is a bandwidth, and k : R — [—1,1] is a symmetric kernel. Examples of k(-) include Barlett,
Daniell, Parzen and Quadratic spectral kernels(e.g., Priestley 1981, p.442). The factor (1 — |m|/n)Y/? is a
finite-sample correction and could be replaced by unity. Under certain conditions, f(o’l’o) (w,0,v) is consistent
for f(010) (4, 0,v). See Theorem 3 below.

Under Hy, we have 0%’0) (0,v) =0 for all v € RY and all m # 0. Consequently, the generalized spectral

derivative f(%19)(w,0,v) becomes a "flat spectrum" as a function of frequency w:

(0,1,0) _ 1 (1 0) 1 . ' 7, _ &
fo (w,0,v) = 2.0 (0,v) = 5 COV (ZZT,G ) ,we€ [—m 7] and v € R (3.6)

3See Bierens(1982) and Stinchcombe and White(1998) for discussion on related issure in an 4.i.d. context.
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which can be consistently estimated by

1 !
%0,1,0)(% 0,v) = 5861,0)(0,1))’ w € [-m,m] and v € R? (3.7)

The estimators ﬂo’l’o) (w,0,v) and Aéo’l’o) (w, 0, v) converge to the same limit undr Hp and generally converge
to different limits under H4. Thus, any significant divergence between them is evidence of the violation of
the MDS property and hence of the mis-specification of the process. We can measure the distance between
]?(0,1,0) (w,0,v) and :)(0’1’0) (w,0,v) by quadratic form:

=1/
(3.8)

where the second equality follows by Parseval’s identity and W(v) = Hil Wo(ve) with Wy : R — Rt a

nondecreasing weighting function that weighs sets symmetric about the origin equally. Examples of Wy (+)

2 — ?
FOLD (45.0.0) %0,1,0)(w7077))“ dwdW (v) = > k*(m/p)(1 — m/n) / Hﬁﬁi’o)(O,U)H AW (v)
m=1

include the CDF of any symmetric probability distribution, either discrete or continuous.
My proposed omnibus test statistic for correct specification hypothesis is an appropriately standardized

version of @),

n—1
Sho(p) = | 3 /) —m) [ [6420.0)" W) - G| 1/ Doto
m=1
where
n—1 n—1
Co) = X #fp)—— 3 |2 [ [ v
m=1 T= 1
R n—2 n—2 d d
Doy = 23 > Remin Yy [ [
m=1 [=1 a=1a'=1
2
N % |G| e )| V@AV (39)

T=max(m,l)+1

and @AbT(v) — V7 1 Yo eiv'Zr Throughout, all unspecified integrals are taken on the support of W ().
The factors ag(p) and ZA?O (p) are approximately the mean and the variance of quadratic form n@ The impact
of conditional heteroskedasticity and other time-varying higher order conditional moments has already been
taken into account. Note that ]/\4\0(]9) involves d’- and 2d’-dimensional numerical integrations which can be
computationally cumbersome when d’ is large. In practice, one may choose a finite number of grid points
symmetric about zero or generate a finite number of points drawn from a uniform distribution on [—1, 1]d/.
The asymptotic theory allows for both discrete and continuous weighting function for Wy (-) which weigh sets
symmetric about zero equally. A continuous weighting function for Wy (-) will ensure good power for ]\/4\0 (p),

but there is a trade-off between computational cost and power gains when choosing a discrete or continuous
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weighting function. One may expect that the power of ]\/4\0 (p) will be ensured if sufficiently fine grid points are
used.

Since we go such a long way before getting the test statistics, let me summarize my omnibus test procedure:
(1) Estimate the parametric diffusion model to get a \/n-consistent estimator 6 for 6'4; (2) Compute the model
implied processes {Zf(g)}; (3) Compute the test statistic ]\/4\0(19) defined in (3.9) ; (4) Compare the value of
My (p) with the upper-tailed N(0,1) critical value C, at level a(this follows from Theorem 3 I will derive in
the next section). If ]/\4\0(]?) > C,, then reject Hy at level a.

4 Seperate Inference

When a model is rejected using the test procedure above which checks jointly the specification of both drift
and diffusion terms, it would be interesting to explore possible sources of the rejection. Specifically, is the
rejection due to the misspecified form of drift function or the diffusion function? Having this information
in hand, one can try other parametric forms of drift, diffusion or both. This is particularly important when
economic theory provides little guidance about the specification of the drift and diffusion, which is usually the
case in practice.

However, only several papers are available in this respect and most are focused on the specification of
diffusion term, like Corradi & White(1999) and Li(2007). Kristensen(2008a) and Gao & Casas(2008) develop
specification tests for both the drift and diffution terms but they need to assume the correct specification of
the diffusion term a priori and hence are subject to diffusion misspecification. The tests proposed in Kris-
tensen(2008b) and Fan & Zhang(2003) as well as those suggested although not explored in Li(2007) and Bandi
& Philips(2007) do have the ability to check the drift term robust to diffusion misspecification. But the gains
are achieved by the cost of nonparametrically estimating the diffusion or drift term which has already been
challenged seriously by Chapman & Pearson(2000) and Pristker(1998). Moreover, to do the nonparametric
estimation of drift or diffusion terms, high frequency data with sampling interval going to zero is needed(see
Stanton 1997) which may not be a valid assumption for daily interest rate data. Kristensen(2008b) does not
involve nonparametrically smoothing dirft or diffusion term. But he relies on comparison between a semipara-
metric implied transition density using nonparametric smoothing for marginal desntiy and a nonparametric
directly estimated transition density. It is well known that transition density does not have a closed-form in
general and hence simulation methods are used in Kristensen(2008b). Thus it is computationally burdensome
and inconvenient to be applied in practice.

Since the infinitesimal operator has a closed-form in terms of drift and diffusion terms, the martingale
based identification of diffusion process proposed here has the potential to do the separate inference in order
to explore possible sources of the rejection. For simplicity, I only consider the univariate diffusion process
and the extension to multivariate case is straightforward. Suppose {X;} follows a univariate diffusion model
given by dX; = b(X;)dt + o(X;)dW; where W, is a 1-dimensional standard Brownian motion. By (2.18), the

identification of the diffusion process is equivalent to a martingale property:

t
M? = X, — Xo — / b(X,)ds (4.1)
0

"1Like Hong and Li(2005), my test procedure also enjoys the appealing property that a /n—consistent estimator is enough and
the sampling variation in 6 has no impact on the asymptotic distribution of Mo(p). See the discussion in Section 4 for details.
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and

t t
MP = X2 X2 - 2/0 b(X,) X,ds —/0 0?(X,)ds (4.2)

are both martingales.

Observe that the first transformed process M;® only involves the drift term and the second Mth has both
the drift and diffusion terms as inputs. Intuitively, M;® characterizes the dynamics of the drift term solely and
this characterization is robust to the dynamics of diffusion term. Note also that fg 02(Xs)ds is the so-called
"integrated volatility" or the quadratic variation [X, X], of the process {X;} which has received extremely
intensive attention in recent years(see Andersen, Bollerslev, Diebold, and Labys, 2003; Barndorff-Nielsen
and Shephard 2004, 2006; Ait-Sahalia, Mykland and Zhang 2005;). Therefore Mfz contains the dynamics of
diffusion term, i.e., the volatility of the process illustrated by fg 02(Xs)ds. Furthermore, Mtxz also characterizes
the interaction between drift and diffusion terms which is represented by fot b(Xs)Xsds because b( X)X, will
raise the power of X, at least to 2 and hence variance will also appear in this term.

Since the characterization for the dynamics of the drift term by the martingale property of M is robust
to the dynamics of diffusion term, it is conceivable that we can check the specification of the drift term robust
to diffusion misspecification if we further assume the drift term is identified by this characterization (4.1).
Explicitly, suppose {X;} follows a univariate diffusion model given by dX; = b(Xy,0)dt + o(X;)dW,; with

f € © and O a finite dimensional parameter space, then the identification assumption is
Assumption 4.1: There exists a unique 6y € O such that M (0) = X;— Xy —fot b(Xs;0)ds is a martingale.

Actually, under this assumption(this is equivalent to Assumption 2.1 in Park(2008)), Park(2008) proposes

"5 which is exactly

a so-called "conditional mean model of instantaneous change for a given stochastic process
the same as M{* here. The difference is that his model does not consider diffusion term at all and hence it can
allow a more general setup, for example, jump diffusion process and stochastic volatility models. However,
Park(2008) only proposes the instantaneous conditional mean model and claims that his model covers the
diffusion process as a special case while he does not provide the corresponding conditions. Suppose the
underlying model is a diffusion process and we are interested in testing the specification of the drift term.
Then a test based on checking the maringale property of M () is not omnibus. Since the identification not
only involves M (0) in (4.1) but also involves M in (4.2), it could be the case that MZ(6) is a martingale
but M’ (6,0 (-)) is not. In such a case, the test procedure only checking the maringale property of M7 (6)
cannot reject the null hypothesis although it should be rejected. This under-rejection may lead to misleading
conclusion about the specification of diffusion models. In other words, Assumption 4.1 may be too restricted
as an identification assumption and may not hold in many cases if a diffusion model is considered as the
underlying process.

Observe that the martingale identification of drift here is based on rigourous mathematical derivation.
Therefore, my infinitesimal operator based martingale characterizaion actually provides the mathematical

conditions that the instantaneous conditional mean in Park’s(2008) model is equal to the drift a diffusion

'5Be careful about these terminologies. The instantaneous conditional mean for continuous time stochastic processes are different
from the conditional mean for discrete time models. As discussed earlier, for instance, in a general diffusion process, the conditional
mean of XA given X, is usually a function not of drift solely but of both drift and diffusion terms jointly. See Ait-Sahalia(1996a)
and discussions below (2.12) in this paper.
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process. If there is no information about whether the underlying process is a diffusion or not, Park’s(2008)
model is more general while if the diffusion model is regarded as the data generating process, the infinitesimal
operator based martingale characterization should be considered. Moreover Park’s(2008) identification of
drift can be regarded as a special case of the infinitesimal operator based martingale characterization in the
case of diffusion processes. The reson is that (4.1) which is also Park’s(2008) identification assumption is
derived using a special choice of function forms(see Theorem2 and discussion therein for details). If interesting
function forms other than f(z) = z; and z;z; in Theorem2 are suitably chosen, we may get other convenient
and intutive characterizations of diffusion processes. Of course, as claimed by Park(2008), his model is a
general conditional mean model of instantaneous change for continuous time stochastic processes. This makes
his study more applicable in certain sense.

As a consequence, by assuming the drift term is identified by the martingale property of M}, i.e., Assump-
tion 4.1, a specification test for drift term can be constructed which is robust to diffusion term misspecification.

The null hypothesis is the correct specification of drift term:

Hy : P[b(Xy,00) = b°(X1)] = 1, for some 0 € © where b°(+) is the true drift function

which is equivalent to

t
Hj : For some 6y € ©, M}’ = X; — Xo — / b(Xs;0)ds is a martingale (4.3)
0

Following the same reasoning as that for (3.2), I can test Hy in (4.3) by checking the following m.d.s.property:

E [YTA(90)|23:1] =0, where Z)_; = o{Yr—1a(00), Yir—2)a(00), -+, Ya(bo), Yo(0o) }

where
TA

Yra(f0) = Xoa — Xir_1)a — /( i Oo)ds (4.4)
7—1

Let Y;(6o) = Y;a(0g) for the simplification of notations. Obvisouly, Y;(fy) cannot be observed. We first
estimate the parameter 6y by the random sample {X;a}"_; to get a y/n-consistent estimator and then the
estimated processes Y, = YT(§) is obtained. Since we are only interested in the specification of drift, it is
better for us to use an estimation method which can estimate the parameters in the drift consistently while
being robust to the diffusion misspecification. This essentially requries the estimation of a semi-parametric
diffusion model with diffusion term unrestricted. Kristensen(2008a) and Ait-Sahalia(1996a) are examples of

such methods. The test for checking (4.4) is a univariate special case of (3.9), i.e.,

~

n—1
So(p) = | S K)o — m) [ [6400,0)]" W) - Cotw) | //Duto)
j=1

where

n—m
T=m+1

R n—1 1 n—1 R N 9
Colp) = Y Bm/p) ot S P2 [ [0, )] W
m=1
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2
n—2 n—2 n

Do) =2 30 SRR W) [ [ Y P b, dW @)W () (45)
m=1 [=1 ’ T=max(m,l)+1

and 1A/)T(v) = eV P(v), and B(v) = n~1Y"_; €™ and all the terms are defined correspondingly for
univariate case similar to multivariate case. Throughout, all unspecified integrals are taken on the support of
5 Asymptotic theory

5.1 Asymptotic distribution

Let
) TA
g'(r,0) = —/ bi(Xs;0)ds (5.1)
(r—1A

and

g7 (r,0) = —/ [bi(Xs; 0) X! +b;(Xs;0) X + Z[ai,k(Xs;G)aj,k(Xs; 0)]| ds (5.2)
(r—=1)A k=1
Then we have

Zi(6) = Xip — X[,y +9'(7.6) (5.3)

and
Zp(0) = XiaXIn = X(r_yja X, 1)a +97(7,6) (5:4)

To derive the null asymptotic distribution the test statistic Mo (p) in equation (3.9), the following regularity

conditions are imposed.

Assumption A.1. {X,} is a strictly stationary time series such that = E[X] exists a.s., and E[|| Z,|*] <
C.

Assumption A.2. For each sufficiently large ¢, there exists a strictly stationary process {Z, ; } measurable
with respect to the sigma field generated by {Z,_1, Z,_2,- -+ , Z;_4} such that as ¢ — 0o, Z, ; is independent of
{Zr—g-1,Z7_q—2,--- }foreach 7, E[Z, - | T;—1] = 0, a.s.where Z_; is the information set at time (7—1)A that
may contain lagged random variables {X(T,m) A,m > 0} from original process and lagged random variables
{Z(—m)a,m > 0} from the transformed process, F|Z; — Zyr|? £ Cq* for some constant x > 1, and
E||Zy.||* £ C for all large q.

Assumption A.3. With probability one, both ¢(7,-) and ¢g"/(7,-) are continuously twice differentiable

) ) 2 .
with respect to 6 € © and E supgee || Z9' (T, 9)“4 < C, Esupyeq H%;G,QZ(T, 0)” < C, Esupgee || Z9" (1, 0)“4 =
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C, and E supgeg H%{;,gw (7, G)H =C

Assumption A.4. 6 — ) = O,(n~1/?), where 0y = plim(f) € ©.

Assumption A.5. k:R — [—1,1] is symmetric and is continuous at (0,0) and all but a finite number of
points, with k£(0) = 1 and |k(z)| £ C'|z|7" for large z and some b > 1.

Assumption A.6. W :R% — Rt is nondecreasing and weighs sets symmetric about zero equallly, with

Jllvll*dw (v) £ C

Assumption A.7. Put ¢ (v) = eW'Zr p(v) with ¢(v) = E [e“’lzf} and o(a,d') = FE <Z$Z$/) for
a,a’ = i,ij and i,j5 = 1,--- ,d(Note here ij does not denote the produect between i and j but an index
equivalent to (4,7). This notation applies to the whole paper). Then {%gi(T7 00), Z;} and {%gi’j (1,00), Z+}
are strictly stationary processes such that:

(a): >, HCOU[%QG(T,GO), %ga(T - m, 00)]” <Cfora=i,(i,j)and i,j=1,---,d;

(b): 35, Sy uyeat |7 (1,0)] = C

(€): >y SUp, cpa’ ! C’ov[%ga(r,ﬁo),wT_m(v)]H <Cfora=i,(i,j)and i, =1,---,d;

(d): Y=t SUD ()R E((ZraZrw) — o(a, AN, ()b, ()] £ C for a,a’ = i,(i,5) and i,j =
1, ,d;

(€)Y tr=—o0 SUPyepa [[Fm, (V)] = O, where £y, 1 -(v) is the fourth order cumulant of the joint distribution

of the process
a a 8 a *
{%9 (7,00), %7 (v), %9 (1 =1,00),¢7_,.(v)} (5.5)

fora=14,25 andi,5=1,--- ,d.

Assumptions A.1 and A.2 are regularity conditions on the data generating process (DGP). The strict
stationarity on {X;} is imposed and the existence of the first order moment x can be ensured by assuming
E HXt”2 < 00. Assumption A.2 is required only under Hy. It assumes that the martingale difference sequence
(m.d.s.) {Z;} can be approximated by a g—dependent m.d.s.process {Z, ; } arbitrarily well when g is sufficiently
large. Because {Z.} is a m.d.s., Assumption A.2 essentially imposes restrictions on the serial dependence in
higher order moments of X,. Besides, it implies ergodicity for {Z;}. It holds trivially when {Z;} is a
g—dependent process with an arbitrarily large but finite order ¢. In fact, this is general enough to cover many
interesting processes, for example, a stochastic volatility model with short memory(see Hong and Lee(2005)
for details).

Although Assumption A.3 appears in terms of restrictions on ¢‘(7,-) and ¢*/(r,), it is actually imposing
moment regularity conditions on the drift and diffusion terms b(X;;6y) and o(X,;6y) which can be seen from
(5.1) and (5.2). It covers most of the popular univariate and multivariate diffusion processes in both time-
homogeneous and time-inhomogeneous cases, for example, Ait-Sahalia(1996a), Ahn and Gao(1999), Chan,
Karolyi, Longstaff and Sanders(1992), Cox, Ingersoll and Ross(1985), and Vasicek(1977).

Assumption A.4 requires a /n-consistent estimator 5, which may not be asymptotically most efficient. We

do not need to know the asymptotic expansion of @\, because the sampling variation in 0 does not affect the
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limit distributions of ]\/4\0 (p). This delivers a convenient and generally applicable procedure in practice, because
asymptotically most efficient estimators such as M LFE or approximated M LFE may be difficult to obtain in
practice. One could choose a suboptimal, but convenient, estimator in implementing our procedure.
Assumption A.5 is a regularity condition on the kernel k(-). It contains all commonly used kernels in
practice. The condition of k£(0) = 1 ensures that the asymptotic bias of the smoothed kernel estimator
FOL0) (4, 0,v) in (3.5) vanishes as n — oo. The tail condition on k(-) requires that k(z) decays to zero
sufficiently fast as |z| — oo. It implies [;°(1 + z)k?*(2)dz < co. For kernels with bounded support, such
as the Bartlett and Parzen kernels, b = oco. For the Daniell and quadratic-spectral kernels, b = 1 and 2,
respectively. These two kernels have unbounded support, and thus all (n — 1) lags contained in the sample
are used in constructing our test statistics. Assumption A.6 is a condition on the weighting function W(-) for
the transform parameter v. It is satisfied by the CDF of any symmetric continuous distribution with a finite
fourth moment. Finally, Assumption A.7 provides some covariance and fourth order cumulant conditions on
{%gi(ﬂ o), Z+} and {%gi’j(T7 o), Z-}, which restrict the degree of the serial dependence in {%gi(r, 0o), Z+}
and {%gi’j(T, 00), Z:}. These conditions can be ensured by imposing more restrictive mixing and moment
conditions on these two processes. However, to cover a sufficiently large class of DGPs, I choose not to do so.

I now state the asymptotic distribution of the test statistic ]\/4\0 (p) under Hy.

-1
Theorem3: Suppose that Assumptions A.1-A.7 hold, and p = en? for ¢ € (0,00) and X € (0, (3 + ﬁ) ).
Then under Hy,

]\/Zg(p) —4 N(0,1) as n — oo

As an important feature of M\o (p), the use of the estimated processes {27} in place of the true processes
{Z;} has no impact on the limit distribution of ]\//.70(}0). One can proceed as if the true parameter value 6g
were known and equal to 9. The reason, as pointed out by Hong and Lee(2005), is that the convergence
rate of the parametric parameter estimator 0 to 6 is faster than that of the nonparametric kernel estimator
to f(071’0) (w,0,v) to fO10)(w,0,v). As a result, the limiting distribution of M\g(p) is solely determined by
J/"\(O’LO) (w,0,v) and replacing 6y by ® has no impact asymptotically. This delivers a convenient procedure,
because no specific estimation method for 6y is required'®. Of course, parameter estimation uncertainty in
[ may have impact on the small sample distribution of ]\/Zo(p). In small samples, one can use a bootstrap

procedure to obtain more accurate levels of the tests.

5.2 Asymptotic power

My tests are derived without assuming an alternative model to Hy. To gain insight into the nature of the

alternatives that my tests are able to detect, I now examine the asymptotic behavior of Mo (p) under Hy4. For

16Because of the nice properties just discussed, ]\70 (p) can be used to test the m.d.s.hypothesis for the process with conditional
heteroscedasticity of unknown form. As discussed in Hong and Lee(2005), Lobato (2002) and Park and Whang (2003) proposed
some nonparametric tests of the m.d.s. for observed raw data using the conditioning indicator function. They also allowed for
conditional heteroscedasticity, and Park and Whang (2003) allowed for nonstationary conditioning variables. However, these tests
only check a fixed lag order. Moreover, their limit distributions depend on the DGP and cannot be tabulated;resampling methods
have to be used to obtain critical values on a case-by-case basis. That is why I choose to extend Hong’s(1999) generalized spectral
approach instead of using these methods.
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this purpose, I impose a condition on the serial dependence in {Z;}:

Assumption A.8. Y ™" | sup, pa

o (0,0)| £ C.

Theorem4: Suppose Assumptions A.1 and A.3-A.8 hold, and p = cn* for ¢ € (0,00) and A € (0,1/2).

Then under H4 and as n — oo,

W)~ 7|2 [T ]1/2 / | 7019 ,0,0) - fo(o’l’o)(w,O,U)HZdde(v)

_ [QD/O K (2)d } /H 10)011(’ AW (v

_2Z/§I:E|Zmzm|///_7r F(w, 1, 0) 2 dewd W (w)dW (v) (5.6)

a=1la/'=1

where

The constant D takes into account the impact of the serial dependence in conditioning variables {e“’/ZT*m},
which generally exists even under Hy, due to the presence of the serial dependence in the conditional variance
and higher order moments of {Z,}. This differs from the i.i.d.case, where we can show that D depends only
on the marginal distribution of {Z,} .

Suppose the autoregression function E[Z; | Z-_,,] # 0 at some lag m > 0. Then we have [ Ha )(0 v)H2 aw(v) >
0 for any weighting function W (-) that is positive, monotonically increasing and continuous, with unbounded
support on R. As a consequence, lim,,_, P[]/W\o(p) > C(n)] = 1 for any constant C(n) = o(n/p'-?). Therefore,
]\/I\O(p) has asymptotic unit power at any given significance level, whenever E[Z, | Z._,,] # 0 at some lag
m > 0. The main advantage of M\o(p) is that it can eventually detect all possible misspecifications of m.d.s
property that render E[Z; | Z;_,,] # 0 at some lag m > 0. This avoids the blindness of searching for different

alternatives when one has no prior information.

5.3 Data-Driven Lag order

A practical issue in implementing our tests is the choice of the lag order p. As an advantage, the smoothing
generalized spectral approach can provide a data-driven method to choose p, which, to some extent, lets data
themselves speak for a proper p. Before discussing any specific method, I first justify the use of a data-driven
lag order, p, say. Here, we impose a Lipschitz continuity condition on k(-). This condition rules out the

truncated kernel k(z) = 1(|z| £ 1), but it still contains most commonly used nonuniform kernels.
Assumption A.9. |k(z1) — k(z2)| £ C|z1 — 22| for any (21, z2) in R? and some constant C' < oo.

Theoremb5: Suppose that Assumptions A.1-A.7 and A.9 hold, and p is a data-driven bandwidth such
that p/p =1+ O,(p —(38- 1)) for some 3 > 2= 1/2, where b is as in Assumption A.5, and p is a nonstochastic
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-1
bandwidth with p = en? for ¢ € (0,00) and X € (0, (3 + 41)%2> ). Then under Hy,
Mo(p) — Mo(p) —" 0 and My (p) —* N(0,1)

Hence, the use of p has no impact on the limit distribution of ]\70 (p) as long as p converges to p sufficiently
fast and my test procedure enjoys an additional "nuisance parameter-free" property. Theorem6 allows for a
wide range of admissible rates for p. One possible choice is the nonparametric plug-in method similar to Hong
(1999, Theorem 2.2) which minimizes an asymptotic integrated mean square error(IMSE) criterion for the
estimator f(o’l’o) (w,0,v) in (3.5). Consider some "pilot" generalized spectral derivative estimators based on a

preliminary bandwidth p:

n—1

1

7O w,0,0) =ar 2 (=imiin) ) 2R (m/p)55 ") (0, v)e
n—1

FO 00,00 = - 37 (1 pml/m) R m/p)FE0 0, 0) e (5.7)
m=1-n

where the kernel k() needs not be the same as the kernel k(-) used in (3.5). Note that f(o’l’o)( ,0,v) is an

. —-(q,1,0 . . . .
estimator for f(®10)(w,0,v) and f @L, )(w, 0,v) is an estimator for the generalized spectral derivative
o

FOw00) == 3 ohO(0,0) mf7 e 6:5)

m=—0oQ

For the kernel &(-), suppose there exists some ¢q € (0, 00) such that

1—k(2)

0< k@ = lim o7 (5.9)
Then I define the plug-in bandwidth as
R
Po = con2att (5.10)
where the turning parameter estimator
2 2 : 1
7170 q+
_ 2q(k(Q))2 I 7w 0,0 dwaw )
R WY F010) 2
f Y ,—v)dW(v)H dw
T
n— q
20k S ) /) lml” ]z 0.0 H Wi )
= %) 2 - .
Joe B2 (2)dz ot (o — )R (m/p) R(m) [ (G0, )| dW ()

and B(m) = (n — [ml) ™ S i1 2 2.
The data-driven pg in (5.10) involves the choice of a preliminary bandwidth p, which can be fixed or grow
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with the sample size n. If it is fixed, py still generally grows at rate nTlﬂ under H 4, but ¢y does not converge to
the optimal tuning constant ¢g (say) that minimizes the IMSE of £(0,1,0) (w,0,v) in (3.5). This is a parametric
plug-in method. Alternatively, following Hong (1999), we can show that when p grows with n properly, the
data-driven bandwidth py in (5.10) will minimize an asymptotic IMSE of f(O’LO) (w,0,v). The choice of p is

somewhat arbitrary, but we expect that it is of secondary importance!”.

6 Finite Sample Performance

6.1 Empirical Size of the Test

I now study the finite sample performance of the test procedure. The simulation design is the same as those
in Hong and Li (2005) and Pritsker (1998). To examine the size of the test, I simulate data from Vasicek’s
(1977) model:

dXt = H(Oé — Xt)dt + O'Cth (61)

where « is the long run mean and « is the speed of mean reversion. The smaller x is, the stronger the serial
dependence in {X;}, and consequently, the slower the convergence to the long run mean. I am particularly
interested in the possible impact of dependent persistence in {X;} on the size of the test. Given that the finite
sample performance of the test may depend on both the marginal density and dependent persistence of {X;}, I
follow Hong and Li (2005) and Pritsker(1998) to change x and ¢ in the same proportion so that the marginal

density is unchanged;namely,

1 (x — a)z]
x,0) = exp |————
p(,6) /2702 P { 202
where the stationary variance o2 = 02/(2x) = 0.01226. In this way, we can focus on the impact of de-

pendent persistence. We consider both low and high levels of dependent persistence and adopt the same
parameter values as Hong and Li (2005) and Pritsker (1998): (k,a, 0?) = (0.85837,0.089102, 0.002185) and
(0.214592,0.089102, 0.000546) for the low and high persistent dependence cases respectively.

For each parameterization, we simulate 1,000 data sets of a random sample {X,A}?_; at the monthly fre-
quency for n = 250, 500,and 1000 respectively. The simulation is carried out based on the transition density of
{X;} which is normal with mean X; exp(—xA)+a [l — exp(—~A)] and the variance o2 [1 — exp(—2xA)] /(2k).
The initial value Xy is generated from the marginal density p(x,0). These sample sizes correspond to about
20 — 100 years of monthly data. For each data set, we estimate the model parameters 6 = (k,,c?) via

the MLE method and compute the statistics based on the estimated Vasicek model. T consider the empiri-

"Hong and Lee(2005) pointed out that the data-driven p based on the IMSE criterion generally will not maximize the power of
]TJ\O (p). They suggested that a more sensible alternative may be to develop a data-driven p using a power criterion, or a criterion
that trades off level distortion and power loss. But they did not pursue that method and content with the IMSE criterion because
it will necessitate higher order asymptotic analysis. Also their simulation experience suggests that the power of our tests seems to
be relatively flat in the neighbourhood of the optimal lag order that maximizes the power, and po in (5.10) performs reasonably
well in finite samples.
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cal rejection rates using the asymptotic critical values (1.28 and 1.65) at the 10% and 5% significance levels
respectively.

The Bartlett kernel is used both in computing the data-dependent optimal bandwidth py by the plug-in
method for some preliminary bandwidth p and in computing the test statistic ]/\Z(] (Po). We choose the standard
multivariate normal CDF for W (-). Our simualtion experience indicates that choices of kernel function k(-)
and weight function W(-) have no substantial impact on the size performance of tests. Table I reports the
empirical sizes of M (po) at the 10% and 5% levels under a correct Vasicek model. Both of the cases with low
and high persistence of dependence are considered. It can be observed that there is over-rejection for both
cases at both 10% and 5% levels, but the performances are improving as n increases. Since the over-rejection
is still serious especially at the 5% level when n = 1000, I increase the sample size to n = 1500(only for size
performance) to check the empirical sizes of the test. Obviously, when the sample size is large enough, the test
has good size performances with a bit over-rejection at the 5% level which is not very serious. Furthermore,
the tests display more over-rejections under strong mean reversion than under weak mean reversion, which is
similar to Chen and Hong’s(2008a) conditional characteristic function based test. Another observation worth
pointing out is that the rejection rates do not vary much for different choices of preliminary bandwidths. This

can be seen as a robust property of the optimal bandwidth based on plug-in methods.

6.2 Empirical Power of the Test

To investigate the power of the test, we simulate data from four popular diffusion models other than Vasicek

model and test the null hypothesis that data are generated from a Vasicek model.

e DGP1 (CIR Model):

dX; = H(Ot — Xt)dt + o/ X dW, (62)

where (k, a, 02) = (0.89218, 0.090495, 0.032742).

e DGP2 (Ahn and Gao’s (1999) Inverse-Feller Model):

dX; = X[k — (0% — ka) Xildt + o X7/ 2dW; (6.3)
where (k, o, 0?) = (3.4387, 0.0828, 1.420864).

e DGP3 (CKLS (Chan, Karolyi, Longstaff and Sanders, 1992) Model):

dXt = Ii(a — Xt)dt + O'deWt (64)

where (k, o, 02, p) = (0.0972, 0.0808, 0.52186, 1.46).

e DGP4 (Ait-Sahalia’s (1996a) Nonlinear Drift Model):
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dX; = (a1 X7+ g + a1 Xi + o X2)dt + o XPdW, (6.5)

where ((a_1, ag, a1, a2, 02, p)=(0.00107,-0.0517, 0.877, -4.604, 0.64754, 1.50).

Follwing Hong and 1i(2005), the parameter values for the CIR model are taken from Pritsker (1998), and
the parameter values for Ahn and Gao’s inverse-Feller model from Ahn and Gao (1999)'®. For DGPs 3 and
4, the parameter values are taken from Ait-Sahalia’s (1999) estimates of real interest rate data. For each of
these four alternatives, we generate 1000 data sets of the random sample for {XT}TTLQA where n = 250, 500
and 1000 respectively at the monthly sample frequency. Simulated data for CIR and Ahn and Gao’s model
are based on closed-form model transition densities. For the CKLS and Ait-Sahalia’s nonlinear drift models,
whose transition densities have no closed-form expressions, we simulate data by the Euler-Milstein scheme.
Each simulated sample path is generated using 40 intervals per month with 39 discarded out of every 40
observations, obtaining discrete observations at the monthly frequency.

The Vasicek model (6.1), which is implied by the null hypothesis Hy, is estimated by MLE for each data
set. Table II reports the rejection rates of ]\70(]/50) at the 10% and 5% levels using empirical critical values,
which are obtained under Hy. Under DGP1, Vasicek model is correctly specified for the drift function but is
misspecified for the diffusion function because it fails to capture the "level effect". The test has good power
in this case, with rejection rates around over 96% at the 5% level when n = 1000. Under DGP2, Vasicek
model is misspecified for both the instantaneous mean—drift and the instantaneous variance—diffusion because
it ignores the nonlinear drift and diffusion. As expected, the test ]/\/I\g(ﬁo) has excellent power when Vasicek
model (6.1) is used to fit the data generated from DGP2. The power increases substantially with the sample
size n and approaches unity when n = 1000.

Similar to DGP1, DGP3 is only mis-specified for the diffusion term, with the only difference that the
coefficient of elasticity for volatility is equal to 1.46 now. The rejection rates are low when the sample size n
is 250, but increases very quickly to over 55% when n = 500 and to over 95% when n = 1000. Under DGP4,
Vasicek model (6.1) is misspecified for both the drift and diffusion terms because it ignores the nonlinearity
in both terms. The rejection rates are already over 80% at the 5% level when n = 500. To sum up, the
proposed test has good omnibus power in detecting various model mis-specifications. The power performances

are reasonable even when the sample size n is only 500.

7 Conclusion

I develop an omnibus specification test for diffusion models based on the infinitesimal operator instead of
the already extensively used transition density. The infinitesimal operator-based identification of the diffusion
process is equivalent to a "martingale hypothesis" for the new processes transformed from the original diffusion
process by the celebrated "martingale problems". My test procedure is to check the "martingale hypothesis"
by extending Hong’s(1999) generalized spectral approach to a multivariate generalized spectral derivative
based test which has many good properties. The infinitesimal operator of the diffusion process enjoys the nice
property of being a closed-form expression of drift and diffusion terms. This makes my test procedure capable

of checking both univariate and multivariate diffusion models and particularly powerful and convenient for

'%Chen and Hong(2008a) found some typos in the parameter values of Ahn and Gao’s(1999) inverse-feller model by private
correspondence and corrected therm. Here I choose the parameter values used by them.
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the multivariate case while in contrast checking the multivariate diffusion models is very difficult by transition
density-based methods because transition density does not have a closed-form in general.

Moreover, different transformed martingale processes based on infinitesimal operator and "martingale
problems" contain different separate information about the drift and diffusion terms or their interactions.
This motivates us to discuss several feasible test procedures which are to do separate inference to explore the
sources when rejection of a parametric form happens. Finally, simulation studies show that the proposed tests
have reasonable size performances and excellent power performances in finite sample. Possible future researches
about diffusion processes using the infinitesimal operator-based martingale characterization discussed in the
paper are being pursued.

A drawback of the infinitesimal operator based identification is that it only holds for the pure diffusion
process and will fail when the sample path of the process exhibits discontinuities, the so-called “jumps”, my
test procedure actually rules out jumps a priori. This is somewhat unsatisfactory in practice especially for
high frequency data for which jumps are now believed to be an essential component of asset price dynamics
both emprically and theoretically (Ait-Sahalia 2002a; Barndorff-Nielsen and Shephard 2004, 2006; Lee and
Mykland 2008; Ait-Sahalia and Jacod 2008; Andersen et al. 2002; Johannes 2004; and Pan 2002). In this
case, we can frist identify and then discard the jump points from the sample path using methods in Lee and
Mykland(2008), Andersen, Bollerslev and Dobrev(2007), Fan and Fan(2008), and Fan and Wang(2007). This

makes the test procedure proposed here more applicable and robust.
Mathematical Appendix

Throughout the Appendix, let g;(7,0), gi;(7,0), Z:(), and Z9(0) be defined as in (5.1)-(5.4). I let My(p)

be defined in the same way as Mo(p) in (3.5) with the unobservable sample {Z, = +A(00)}7_,, where
Ay = plim @, replacing the estimated processes samples {2T =Z:A (5) "_,. Also, C € (1,00) denotes a generic

bounded constant.

Proof of Theorem 1. See ChV.19-20 of Rogers and Williams(2000), or Theorem 21.7 of Kallengber(2002),
or Proposition 2.4 of ChVII in Revuz and Yor(2005). W

Proof of Theorem 2. See Proposition 4.6 and Remark 4.12 of Karatzas and Shreve(1991, Ch5.4) W

Proof of Theorem 3. It suffices to show Theorems A1-A3 below. Theorem Al implies that replacing
{Z;}7_, by {27'}2:1 has no impact on the limit distribution of M\o(p); Theorem A2 says that the use of
truncated process {Z, - }7_; rather than the original {Z,}?_; does not affect the limit distribution of My (p)
for ¢ sufficiently large. The assumption that Z, , 1/s\ independent of {Z;_m}°_ 1 when ¢ is large greatly
simplifies the derivation of asymptotic normality of My(p). |

TheoremA1l. Under the conditions of Theorem 3, ]/\4\0 (p) — Mo(p) —P 0.
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TheoremA2. Let My,(p) be defined as My(p) with {Z,}?_, replacing {Z,}}_, ,where {Z,,} is as in
1
Assumption A.2. Then under the conditions of Theorem3 and g = p1+4b%2 (ln2 n) 21 Mog(p)—Mo(p) —P 0.

1
TheoremA3. Under the conditions of Theorem3 and ¢ = p1+4b%2 (ln2 n) 21, Mog(p) = N(0,1).

Proof of Theorem A1. Note that Z,(0) has components Z%(6) = X', — X(iT—l)A +gi(7,0) and Z¥(6)
XiAXiA X(ZT 1)AX(T na gw(r 0) and similarly Z, has components Z: = X', — X(T ya T gi(T,

$> I

and 7Y = XA X7\ XZP HA (T na T i (1, 6) respectively. By the mean value theorem, we have Z’ =

Zi — gi(7,0) (9 — ) for some 0 between 0 and 6, where g;(1,0) = 6ggZ(T #). By the Cauchy-Schwartz
inequality and Assumptions A.3-A 4,

il (Ei - Zi)2 < nH/O\f 00H2n_ Zn:;élep ng 7,0) H =0p(1), forany i =1,--- ,d (A.1)

where Og is a neighbourhood of . By similar reasoning, we have

2(2?_2?)22””5_90”2 1295611(5 ng T, 9 ‘ Op(1), for any i,5 =1,--- ,d (A.2)

(A.1) and (A.2) together imply that

n [ d R N d d
- ;_;@T—ZT) +;;(ZJ 21
d [ n d d n
-3 21(2;—21)2 #3055 (22 - 7)
i=1 Lt= i=1 j=1 L=
= 0y(1) (A.3)

Now put 7, = n— |m/, and let 519 (0,v) be defined in the same way as 59 (0,v) in (3.5), with {Z,}"_,
replacing {Zr}ﬁzl. To show ]\/4\0(]9) — Moy(p) —P 0, it is sufficient to prove

b | £ e o0 oo o
m=1

Co(p) — Co(p) = Op(n~1/?), and Do(p) — Do(p) = op(1), where Co(p) and Dy(p) are defined in the same way
as Co(p) and Dy(p) in (3.9) with {Z;}?_, replacing {27}7’?:1. To save space, I focus on the proof of (A.4); the
proofs for Co(p) — Co(p) = O,(n=%?), and Do(p) — Do(p) = op(1) are routine. Note that it is necessary to
acchieve the convergence rate O,(n~%/2) for Co(p) — Co(p) to make sure that repalcing Co(p) with Co(p) has
asymptotically negligible impact given p/n — 0.
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Since

ool - [0
d 9 d d 9
=3[0 -5 0 |+ - [0 - 58000 (A5)
i=1 7 ’ i=1 j=1
where 0( ’ )(0, v) and & 510 (0,v) for i,7 = 1,---,d are the components of 0(1 0) (0,v) and correspondingly

Om,ij
s 0)(0 v) and 07(71 ?J)

(A.4) to show that

(0,v) for 4,5 = 1,--- ,d are the components of 07% 0)(0,1)). By (A.5), it is sufficient for

1

1 2 2
0 2 ( / Z E2(m/p)nm [0 )(0 U)‘ - 5%:?)(0,1))‘ ] dW(v) =P 0, fori=1,--- ,d (A.6)
and
2 510 0 o ? — 15290 | P i
Z kE“(m/p)nm ’am i (O,U)‘ - ‘amﬂj (0,1})‘ dW(v) =P 0, fori,j=1,--- ,d (A.7)

We will only show (A.6) here and the proof of (A.7) is similar.
To show (A.6), I first decompose

/Z k2(m/p)nm [(a 00, v)‘ _ )55539)(0,@)(2] dW (v) = A; + 2Re(Ay) (A.8)

where

/Z k2 (m/p) nm) 10) s 0)(0 v)) dw (v)

/ Z B ) [300(0,0) = 5020, 0)] 552 (0,0) aw (v)

where Re(Aj3) denote the real part of Ay and a( 0)(0 v)* denote the complex congugate of 0( O)(0, v). Then
(A.6) follows from the following Propositions Al and A2 and p — oo as n — oo. |

PropositionA1l. Under the conditions of Theorem3, A; = Op(1).
PropositionA2. Under the conditions of Theorem3, p_l/Q/Tg = o0p(1).

Proof of Proposition Al. Put 37—(2)) — V' Zr _ ' Zr and ¥, (v) = €' — p(v), where @(v) = Ee''%r.
Then straightforward algebra yields that for m > 0,
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~(1,0)

Um,i

(07 U) ~ Omyi (07 U)

n n

=in," > (ET,Z-—ZT,Z-)ES}m(U)—y;[n;Ll N (Zri—Zry)

T=m-+1 T=m+1

[n;ll Z ng(v)]

T=m-+1

n ! Z ng(v)]
T=m+1
[n;# > m_m(v)]

T=m+1

n n
—I—in;l Z ZT,i(sTm(U)—i[n;zl Z Zr

T=m+1 T=m++1

n

+ Z.nr_nl Z (Z\T,i — Zri)r_m(v) — i [n;zl Z (ZT,i — Zr;)

T=m+1

— [Elm(v) — Bom(v) + Bam(v) — Bam(v) + Bsm(v) — Egm(v)] , say (A.9)

N ~ 2
Then it follows that 4; < 822/:1 S L kB2 (m/p)nm [ ‘Ba/m(v)‘ dW (v). Proposition Al follows from Lem-

m=1

mas A1-A6 below and p/n — 0. [

LemmaAl. Y k2(m/p)nm [ | Bim(v)| dW (v) = Op(p/n).

LemmaA2. Y. Y k2(m/p)nm [ |Bam(v)| dW (v) = Op(p/n).

LemmaA3. Y. Y k2(m/p)nm [ |Bam(v)| dW (v) = Op(p/n).

m=

LemmaA4. Y.} k2(m/p)nm [ |Bam(v) ’ dW (v) = Op(p/n).

m

LemmaA5. 3" Y k2(m/p)n, [ |Bsm(v)| dW (v) = Op(1).

m

LemmaA6. Y7 k2(m/p)nm, [ |Bem(v) ’ dW (v) = Op(p/n).

m

Now let a,(m) = n,,'k?(m/p). In the following, I will show these lemmas above.

Proof of Lemma A1l. By the Cauchy-Schwartz inequality and the inequality that |eizl - em‘ <z — 22

for any real-valued variables z; and z3, I have

2

~ 2 LLINN
mmwékﬁyﬁwﬁm2
=1

n
-1
' )

=1

It follows from (A.1) and Assumptions A.5-A.6 that

~ 2 LN
awuéwﬂ@ﬁja—af
=1

n

Z(Z\T,i - ZT,Z')2

=1

n—1 2
|3 B /mnt | Bt aw < 1ol aw (o) = 0,pm)  (A.10)
m=1

n—1
Z an(m)]

m=1

where I made use of the fact that
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n—1 n—1

an(m) =) n,'k*(m/p) = O(p/n) (A.11)
m=1 m=1
given p = cn? for A € (0,1/2), as shown in Hong(1999, A.15, Page 1213). [

Proof of Lemma A2. By the inequality that !eizl — 6”2‘ < |21 — 22| for any real-valued variables z; and

29, 1 have

2 2 2

n

< Jof? [m S s 2,0

T=1

~
ZT,i - Z‘r,i

~ 2 n n .
)B2m(v)‘ = [n%l Z [n;ll Z ‘va' —vZr
=1 =1

By the same reasoning as that of Lemma A1, the desired result follows. W

Proof of Lemma A3. Using the inequality that }eiz —-1- zz‘ < |z\2 for any real-valued variables z, 1

have

= 2

W' Zy— w' Z,— - |7 ' Z,— 2|7

V' Brm _ V' Zrom [ZT_W- - ZT_W} eV Zr m‘ < |lv|| [ZT_W- L (A.12)
A seond order Taylor series expansion yields

~

Zromi = Zr—mi — (gi(t —m,80)) (6 — 6o) — = (8 — 60) g/ (T —m,8) (8 — ) (A.13)

1

2
for some A between 6 and g, where g/ (7, 0) = %;6,9(7, 0). Put £.(v) = gi(1,00)e™ 7. Then (A.12) and (A.3)
imply that

~

s ., , ~ 2 - 2
T e i (0)0 — 00)| ol [Zrmi — Zemi] ol [0 0o sup [lgfr —m.0)]
0

where O is a neighbourhood of 8.
Henceforth, by (A.9), I obtain

~ 2
[Z‘rfm,i - ZTfm,i]

n
2
+lol* Y 12

T=m+1

i | Bam(v)| £ 1ol [0 60

n
> Zribe_p(v)
T=m+1
—~ 2
+ |vll H9 — GOH T%:H | Z 4 gseug))o |gi' (7 —m, 0)||

Then it follows from Assumptions A1-A7 and (A.11) that
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n—1 ~ )
7;1 / /{Q(m/p)nm‘Bgm(U)‘ AW (v)

< 4\)%@—9@1(2%#@/@ B 2kl o
= r=m+1
—|—4H\f0 6o) H ( *12 ){ 12 sup ng 7,0 H} } [”z:l m)] /Hv\|4dW(v)
m=1
—|—4H\f9 6o) H ( _12 ){ 12 sup Hg” 7,0) H] } [’il m)] /\UHQdW(U)
— O,/ o (A14)

by the fact that E||>"_ ., ZT,Z{T_m(v)H2 < Cnpy, given E(Z;; | Ir—1) = 0 a.s. under Hy and Assumptions
A.1 and A.3. |

Proof of Lemma A4. By the Cauchy-Schwartz inequality,

2 n
Bun()]| < ( 2y ZH> Y )

T=m++1 T=m++1

5w <l (2 - 7).

Then by this inequality, Cauchy-Schwartz again, and

A

5 [ 1 /pyn [Bunto)|" W ) 5 #Gnin (n;f > z) >z

= Op(p/n)

z|'| [ el aw

given (A.3) and (A.11), and E (3" ., Z, )2 = 0%n,, by Ho, the m.d.s. hypothesis of {Z,}. [

Proof of Lemma A5. By the second order Taylor series expansion in (A.13),

Bom() = 0~ 00)nzt S Ghrs b0 (o) + 50— 00) [t S g r B ()| @ 00)
T=m+1 T=m+1

for some 0 between  and 0y. Then I have
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n—1 R )
mE:le(m/p)nm/‘Bg,m(v)‘ AW (v)

n— n 2
< 2((%(5—9())]]221#(771/@ [t > ditr 800, )| aw
m=1 T=m+1
n 2 rpe
+2H\/ﬁ(5—90)H4 [nlgeseugougé’(ne)\\] Lz_:llan(m)]/dW(v)
= 0,(1) + Oy(p/T) (A.15)

where the last term is O,(p/T') given (A.11) and the first term is O,(1), as is shown below:
Put nm(v) =K (g;(Ta HO)wT—m(U)) = COU[g;(T, 90)7 'd}q——m(v)]' Then

sup Y (v)] = C

veRY 1

by Assumption A.7. Then expressing the moments in terms of cumulants by the well-known formulas(see
Hannan, 1970, (5.1), Page 23 for real-valued processes and also Stratonovich(1963), chapter 1 and Leonov and
Shiryaev (1959) for more details), I can obtain

n 2

Ny n'r_nl Z gg(Ta90)¢T—m(v)_nm(v)
T=m+1
< Y [Conleltr 00 6 0N loro )+ S i) [ @]+ X @]
< ¢ " : ’ (A.16)

given Assumption A.7, where K, (v) is as in Assumption A.7. As a result, from (A.11) and (A.16), |k(-)| = 1,
and p/n — 0, I get

2
dW (v)

n

n;ll Z gz,'(’r’eo)wrfm(v)

T=m-+1

n—1
k*(m/p)E
e |

n—1 n—1
0% / @) )+ 3 anom) = O(1) + O/ = O

Therefore the first term in (A.10) is Op(1). |

Proof of Lemma A6. The proof is analogous to that of Lemma A4. |
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Proof of Proposition A2. Given the decomposition in (A.9), I have

Z By )| [0 0,0) (A.17)

a =1

[0 0.0 - 500 0,0)] 7

where Ea/m(v) is defined in (A.9). By the Cauchy-Schwartz inequality,

n—1 R
> K/ [ |Bum(e)]- 700 0.0)| aw
m=1

A

n—1 ) 1/2
Z k2(m/p)nm/‘§a/m(v)‘ dW(v)] [Z k2(m/p) nm/‘ (10 (0, ) (v)]

= Op(pl/Q/nl/Q)OP(pl/Z) = Op(pl/Q)a a/ = 172737476>

given Lemmas A1-A4 and A6, and p/n — 0, where

p! Z E*(m/p) nm/‘ i (0.0) dW(’U) = 0y(1)

by Markov’s inequality, the m.d.s.property of {Z;} under Hy, and (A.9).
Then consider the case ' = 5. By Assumptions A1-A7,

[IA

n—1
S k2 (m/p)m / B ()] - [5420.0) | aw )
m=1
md 3 Gl 00| [0 0.0)| @ o)

o0 3 2 |
m=1 =m-+1

~ 20 el y — 9 ~(1,0)
[0 6o [n n;@s;&\}gi wﬂ\] lek (m/p) / 75000, 0) [ aw (v)

= Op(1+p/n'?)+ Oy(p/n'/?) = 0,(p"/?) (A.18)

given p — oo and p/n — 0, where I have used the fact that

<C

2
nmE) O v)’

by the m.d.s. property of {Z,} under Hy and the fact that the first term in (A.18) is O,(14p/n'/?), as shown

below:

By (A.16) and Cauchy-Schwartz inequality, I have
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n
E ||t > gl 006 (v) )555:?(0,@)\]
T=m++1
. 97 1/2 12
< B |nnt Xl 6700 m(v) [E\*” (0, vﬂ < C [Imm @) + Cn 2] m
T=m++1

and consequently

mat D0 G 0000 (0)]| 500, 0)| AW ()

n—1
n- Z k2 (m/p)nm, /
m=1

T=m+1
n—1 n—1
1
< O3 [Inn@IdWe)+Cn k3 KBn/p) = O +pn?)
m=1 m=1
given |k(-)| = 1 and Assumption A.7. |

Proof of Theorem A2. The proof is similar to Theorem Al. By the same reasoning as that of (A.4)-

(A.7), we will consider only the case ¢ =1---,d. Let A\l,q and EM be defined in the same way as A; and Ay

in (A.8), with {Z, -}?_, replacing {Z;}"_,. Tt is enough to show that pféglﬁq —P 0 and pf%gqu —P 0.

Let §,, = V%7 — ¢'Zar and V. (v) = e Zar ¢,(v), where ¢ (v) = Ele®'Za7]. Let 5,(;;2)(0,11) be

defined as 519(0, v) with {Z+}7_, replacing {Z;}"_,. Then similar to (A.9), I have

~(1,0 ~(1,0)
m’i)(oﬁ U) q,m, 1(0 U)
n i n n
= m;zl Z (Zri — Zg;7,1)0g,r—m(v) — i n;zl Z (Zri — Zg,rs) [ ;11 Z Og,r—m ( ]
T=m+1 L T=m+1 T=m+1
n n n
> Zunsbrnt®) = il 3 ] [ 3 dureat)
T=m-+1 L T=m++1 T=m+1
n B n n
+ inr_nl Z (ZT,i - Zi]ﬂ',i)wqﬂ——m(v) —1 n;zl Z (ZT,i - leﬂ',i) [n;zl Z qu‘—m(“)]
T=m+1 L T=m+1 T=m+1

— i [Bumg(v) = Bamg(v) + Bamq(v) = Bam(v) + Bsmg(v) = Boma(v)| , say

Following the same reasoning as that of Theorem Al and noting that E[Z; | I,—1] = 0 a.s. and E[Z,, |

I;_1] = 0 a.s., we have

1~ 1 1
A, S8y 2 S K/ [ Bema)] aw @) = 0,0t /%) = oy(1)

o=17=1

given Assumption A.2, ¢/p — oo, and k = 1. Further, by Cauchy-Schwartz inequality,
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6 n—1
piAy, =2z Z > KA(m/p)nm, Re/Ba g (V)T 0 (0,0) AW (v) = Op(p? /¢7) = 0,(1)

a=17=1
This completes the proof of Theorem A.2. ]

Proof of Theorem A3. I shall show Proposition A.3 and A.4 below. |

Proposition A.3: Let 0(1 0(0,v) be defined as 59(0,v), and let 5’0q(p) be defined as Co(p), with
{Z4+}7_, replacing {Z;}?_,. Then under the conditions of Theoreml,

p Z B /o [ [5620.0)] W) =5 2Coye) + 5727, + 0y(1) (A.19)
where

V, = > Vg and Cog(p) = > Coga(p)

a=i and (i,j) with i,j=1,d a=i and (i,j) with i,j=1,d
and
n q T—2q9—1
Via = Y Zora Y, an(m)/%;—m(v) [ > Zysalys (V)| dW(v)
T=2q+2 m=1 s=1

» n—1 1 n—1 )
Co%a(p) = Z K’ (m/p)n —m Z q,T a / ‘1/}7' m )‘ dW(U)
m=1

T=m+1

Proposition A.4: Let qu(p) be defined as Dy(p) with {Z,+}_, replacing {Z;}”_,. Then

[Boutr)] ¥y N(0.1)

Proof of Proposition A.3: Recall that Uglng)a(o,v) = 0yt dor i1 ZagraVgr—m(v), Where 9, (v) =
e Zar — ¢,(v) and @ (v) = E (e“’ Z‘N). Then

n—1 n—1
>~ mfpnn [ [0 ave) = 3 Bom/pin, [ > 340,0.0)[ aw )
m=1 m=1

a=1 and (4,7) with i,j=1,---d

n—1 9
- . [Z K (m/p)num / glﬁ)a(o,v)‘ dW(v)]

a=i and (4,7) with i,j=1,---d Lm=1
Henceforth, to prove (A.19), it is sufficient to show that

‘WZk? m/p)n / 5419,0,0)[ AW () = p2Cga(p) + Vi + 0,(1) (A.20)

37



To show (A.20), I first decompose

Zk}?m/p /‘qma()v AW (v)

n—1

q77'7<lwq,7'—m('v)
m=1

n—1 n
—2Re Z an(m) / Z Zgra¥gr—m
m=1 T=1

O, + Rig — 2Re (ﬁzgq)

Next write

1

3

Qq

q(p) +2Re (Uq>

and further decompose

2
dW (v

(v)]

dW (v)

n—1

)+ Y anm) |

m=1

Z Z‘LT@wq,T—m (U)

=1

*

Z Z‘Iﬂ'»awqﬂ'—m ('U) dW(U

=1

(A.21)

n 7—1

7=2 s=1

2q—1

Z Z75aqu m( )dW( )

T—1

D

s=max(1,7—2q)

T—

Z%S,awz,s—m (U)dW(U)

(A.23)

where in the first term ﬁlq, we have 7—s > 2q so that {Z, 7 4, %, (V) }1,— is independent of { Zy s.q, ¥y ¢y (v)
for ¢ sufficiently large. In the second term figq, we have 0 < 7 — s < 2¢. Finally, write

n q T—2q9—1
Ulq = Z Z(Iﬂ',ll Zan(m)/qu m Z Z,Saqu m( ) ( )
T=2q+2 m=1
n n—1 T—2q—1
+ 3 Zara 2 anlm) [ n® 3 Zasatien V)
T=2q+2 m=q+1

where the first term ‘N/(La is contributed by the lad orders m from 1 to ¢; and the second term §4q is from lag

orders m > ¢. It follows from (A.21) to (A.24) that

(1,0)
qma

Zkzm/pnm/’

Ov dW(v)zé()+2Re(an)+R1q—2Re<R2q §3q_§4q>
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q
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It sufficies to show Lemmas A.7-A.11 below, which imply p~—1/2 {5(1(1)) - 50,17@(]9)} = 0p(1) and p_1/2§a/q =

1 -1
op(1) for @’ =1,2,3,4 given ¢ = pl"'rTl—2 (ln2 n) %1 andp=cn for 0 < A < (3 + T1—2> . [ |

Lemma A.7: Let 5’q(p) be defined as in (A.22). Then 5'q(p) — 6’0q,a(p) = O,(p?/n).
Lemma A.8: Let Elq be defined as in (A.21). Then Elq = O,(p?/n).

Lemma A.9: Let f{gq be defined as in (A.21). Then §2q = Op(p%/n%).

Lemma A.10: Let qu be defined as in (A.23). Then qu = Op(q%p/n%).

Lemma A.11: Let ]§4q be defined as in (A.24). Then §4q = 0,(p® In (n) /¢**71).

Proof of Lemma A.7: By Markov’s inequality and E ‘éq (p) — 5’0,17@(]9)‘ < Cp?/n given Y"1 (m/p) an(m) =
O(p/n). ®

Proof of Lemma A.8: By the m.d.s. property of {Z, -, Fr_1} where F,_; is the sigma-field generated
. 2 2
by {ZT—m}ﬁ:D we can obtain Ef ‘ZT:I q77'7(1wq,7'—m<v)| dW(U) = ZT:I fE |:Zg,1',a }wqﬂ'—m@))‘ } dW(U) <
Cm. The result then follows from Markov’s inequality and 3"} (m/p) an(m) = O (p/n) given Assumption
A6 1
Proof of Lemma A.9: The proof is similar to that of Lemma A.8, with the fact that

/ ilz ,T,awq,T_m(v>]

given Assumption A.6. |

m

Z ZQ:Tﬂwq,T—m (U)] dW(U)

T=1

E < C (mn)'/?

Proof of Lemma A.10: By the m.d.s. property of {Z, r, Fr_1}, Minkowski’s inequality and (A.11), we

have
2
9 n n—1 —1
Bl = Y B|Y anlm) [ Ziratiyr @ Y Zpeatif n0)aW ()
T=2 m=1 s=max(1,7—2q)
n n—1 7—1 2 % i
< YA ) [ Bl Zuratirn® Y Zpeatiy )| | aW(0)
=2 | m=1 s=max(1,7—2q)
n—1 2
< 20ng | Y an(m)| =O0(qp’/n)
m=1

This finishes the proof of Lemma A.10. |
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Proof of Lemma A.11: By the m.d.s. property of {Z, ,, Fr_1} and Minkowski’s inequality,

2
2 n n—1 T—2q—1
Bliu| = Y B Y aum) [ Zuratyrn®) Y Zuwatipe n(@dW (o)
T=2q+2 m=q+1 s=1
1 2
n n—1 T—2q—1 2\ 2
< 3| Y ) [ Bty ) Y Zaeatie )| | dV0)
T=2¢+2 | m=q+1 s=1
n—1 2 n—1 2
< Cn?| Y an(m)| <Cn?| D (m/p) Pn,t| = 0¥ n(n)/¢"?)
m=q+1 m=q+1
given that fact that k(z) < C'|z| ™" as z — oo from Assumption A.6. [

Proof of Proposition A.4: From (A.19), f/q = >
> r—ag+2 Va(T), where

a=i and (i,j) with i,j=1,d Vg.a- We Tewrite Vg =

q
V;](T) = Z V;],aa VZ],(Z = Zq,T,a Z an(m) /¢q77——m(U)Hm,.T—Qq—l,a('U)dW('U)
a=i and (i,5) with ¢,j=1,---d m=1
and
T—2q—1

Hm,.T72Q*17CL(/U) = Z Z,S,G¢Z,s—m(v)
s=1

N|=

Then I will apply the martingale central limit theorem(Brown, 1971), which states that var (2 Re %) ?2Re ‘7(1 —d
N(0,1) if
N1 JURN
var (2 Re Vq> 3 2ReV,(r)?1 [|2 Re V,(7)| > n - var (2 Re Vq> 2] 0,7 >0 (A.25)
T=1
N1
var (2 Re Vq) Z E[2Re \/(12(7')|fo1] —P1 (A.26)

=1

N\ -1
First, let’s compute var (2 Re sz) . By the m.d.s. property of {Z,,, Fr_1} under Hy and independence

between Z, » and {Z,_,—1}55—, for ¢ sufficiently large, we have
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- Sy o

q q
ZqTanTa’ § E an(m)an(l)
7=2q+2 a,a’=i and (4,5), ,j=1,---d m=1 [=1

//qu m %,T l( ) m,. T—2q— la( )Hm,.T—qul,a’(u)dW(’U)dW(u)

T—29—1
- Yy Y Yamen [ [ XY
a,a’=i and (i,j), i,j=1,-d m=1 I=1 T=2¢+2 s=1

E[ZqTanTal¢qT m( )wq‘r l( )]E[Zanqua’q;Z)Zs m( )sz):;s l( )] dW( )dW( )

= % >0 ZZkQ m/p)k*(l/p) //!E 1002000V g —m () g (W)]|* AW (0)dW (u) [1 + o(1)]

a,a’ =i and (4,5), i,j=1,--d m=1 I=1

Similarly, we can obtain

- 3 L2 2 K [ 1B [ZuoaZusartsn, @ 1] W @) () 1+ 0(1)
i), i m=1 [=1

and

~ 3 2.2 ZZkQ (m/p)k*(1/p) //{E 1002000 Vg—m () (w)]|* AW (0)dW (u) [1 + o(1)]

a,a’ =i and (4,5), i,j=1,--d M=1 =1

~ 2 ~ ~\2
Because W (-) wights sets symmetric about zero equally, we have FE ‘Vq‘ =F <Vq2) =F (V;) . Hence

var(zRef/)
_QE‘V‘ +E(V)+E(V )2

2 YYD SR [ [ 1B [ZoaZoars @yt )] aW (@) () [1+ of1)

a,a'=i, (i,5), ij=1,+dM=11=1
(A.27)

where we have used that fact that E [Zg04Zq0,0%q —m@)y_1(w)] = E[Z0.0Z0a®_m0)t_(u)] as ¢ — oo
given Assumption A.2. Put C(0,m,l) = E [(ZouZo,o — 0(a,d’)) ¥_,,(v)¢_y(u)]. Then
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E[szodw vw lu>]
\E [ Zo,0Z0,0% (w)] }2 |C(0,m,1)* + o(a,d")? |o1_m(v,uw)|* + 20(a,a’) Re [C(0,m, o7, (v,u)]

C(0,m,1) + o(a,a)or_m(v,u)

Given > _1C(0,m,1)] < C and |k(-)| <1, we have

var (2 Re ‘N/q)

- SN 20?3 Y KRR/ [ [ lon(e )l dW@dW ) L+ ofn)

a,a’ =i and (4,§) with i,j=1,--d m=1 [=1
q—1 q
= S w@d? Y [p > Hm/pk —c)/p]] [ [ e aw@)aw ) 1+ o)
a,a’ =i and (i,7), i,j=1,--d c=1—q m=c+
— » 2a(a,a')2p/ k4 (2)dz Z //|ac v, w)[> dW (v)dW (u) [1 + o(1)]
. N 0 _
a,a =i and (4,j), 4,j=1,-d c=—00

_ S dro(ad)p / () / / / Zy Fw, v, 0)[2 dwdW (0)dW () [1 + o(1)]

0
a,a’ =i and (i,5), i,j=1,--d

where we used the fact that for many given ¢, p=t 37 k*(m/p)k* [(m —¢) /p] — [~ k*(2)dz as p — oo
and ¢/p — 0.
I now verify condition (A.25). By F |Hm7,7_2q_17a(v)|4 < Cr1? for 1 < m < q given the m.d.s. property of

{Z,+,F--1} and Rosenthal’s inequality for martingale(see Hall and Heyde, 1980, p.23),

q 1 4
EWVaa)' < |3 antm) [ (E|Zuratyr @) Hor2g1a)]")’ dW(z»)]
m=1
q 4
< O | an(m)| =O0(p'r?/nt) (A.28)
m=1

Then recall that Vo(7) = >, .14 (i.j) with ,j=1,-d Va,a and use Jensen’s inequality, we have

4
ElVy(n)* = E > Via| = E

4

> Vaa(7)l

a=i and (i,§) with i,j=1,---d

a=1i and (4,j), ,j=1,d

1
< E { ()" \Vq,a< )~ } () > E|Vya(r)[* = O(p'7?/n")
a=1 and (4,5), ¢,j=1, a=1i and (

ivj)7 Z:J:]-:d
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where the last equality uses (A.28). It then follows that

n

> EVy(n)]' = 0@p*/n) = o(p?) given p*/n — 0.

T=2q+2
Therefore (A.25) is proved.
Next I turn to verify condition (A.26). Let 02 (a,d’) = E (Z4r,aZgr,a/|Fr—1). Then

FIGE D 9) DI 9) SR | L RO O X

a,a’=i and (i,j), i,j=1,---d m=1 I=1
Hm T—2q—1, a( )Hl T—2q— 10/( )dW( )dW(u)

- XY Y ema) [ [ Bl ey 0]

,a'=i and (4,5), i,j=1,-d m=1 =1
Hm T—2q—1, a( )Hl T—2q— 1a’( )dW( )dW(u)

+ » ZZan m)an (1l // graa (U W Hp - —2g—1.4(v)

a,a’ =i and (4,9), 4,j=1,--d M= 1]=1
Hj —2q—1,q (w)dW (v)dW (u)
= S14(7) + Viy(7), say (A.29)

where
Z:]nflaa (U, u) = U?],T(aﬂ a/)wq,r—m(v)wqﬁ—l (u) ) [062],7'(0’7 al)wq,r—m(v)wqﬁ—l (u>]

We further decompose

= XY S ame ) [ [ B0k a0y a(w)]

a,a’ =i and (4,5), i,j=1,--d m=11=1

E [Hm T—2q—1, a( )Hl T—2q9—1, a’( )] dW(v)dW(u)

FOYY Y mma) [ [ B0y, w)

aa—zand(z,j) ij=1,--dm=11=1

{Hm,.Tqufl,a(U)Hl,.7—2q—l7a’(u) ) [Hm,.Tqufl,a(U)Hl7.7'—2q—l,a'(u)] } dW('U)dW(U)

=F [VqQ(T)] + Saq(7), say (A.30)
where
q
B[V2(r)] = > > r-a-Denmiantt) [ [ |E [0 (0.0 o)y (w]| W )V
a,a’ =i and (i,5), i,j=1,--dm=11=1
Put

7l —_—
Z(ZLs,aa/(v7u) = Zq,S,an,S,a’QzZ)q,sfm(’U)wq,sfl(u) —FE [Zq,SﬂZq,S,a’wq,sfm(’U)wq,sfl(u)]
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Then write

SYUETEED ) SEED 95 SUCOINLY [ P21 SOC AT )
a,a’ =i and (i,5), i,j=1,--dm=1 =1

T—2q—1
X Z 20 (W, w)dW (0)dW (u)

S

T 5D SEEED 9) STRCIRUY I RIS MR T )

a,a’ =i and (4,5), i,j=1,-d M=1 =1
T—29—1s-1

X Z Z Z ,s,a'(bq,sfm(U)Z%C,a’wq,cfl(u)dW(U)dW(u)
=2 =1
= Vay(7) 4 S34(7), say (A.31)

where

qu(T) = ZZ Z Zan an /E q,T,a q,Taqu m( )wq,’r l( )]

a,a’ =i and (4,5), i,j=1,--d m=1I=1
T—2¢g—1

< 3N Zpsatysm(0) Zgea g e (w)dW ()W (u)

s=2 0<s—c<2q

D 5 SEEED 95 LAY Bl LA D)

a,a’ =i and (4,5), i,j=1,--d m=11=1
T—2q—1

X Z Z Z,s,awq,s—m(U)Zqﬁ,a'wq,c—l(u)dW(U)dW(u)

s=2 s—c>2q
= Vaq(7) + Vag(7), say (A.32)

It follows from (A.29)-(A.32) that
4 n
> (EMEOFE]-EEN =Y Y Vi
T=2q+2 h=1T1=2q+2

Then it is sufficient to show Lemmas A.12-A.15 below, which imply that

2

Z {BV; D) Fra] = BEVF (]| = o)

T=2q+2

1 -1
given q = p1+T1—2 (ln2 n)?-1 and p = en? for 0 < A < (3 + 41,%2) . Thus condition (A.26) holds and so
Moy(p) —¢ N(0,1) by Brown’s theorem. W

2
Lemma A.12: Let Vi4(7) be defined as in (A.29). Then E ’Zzz2q+2 qu(T)’ = O(qp*/n).
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2

Lemma A.13: Let Va,(7) be defined as in (A.31). Then E |37, \, Vay(7)| = O(qp*/n).
2

Lemma A.14: Let V3,(7) be defined as in (A.32). Then E'|> 77, ., V3.(7)| = O(qp*/n).

Lemma A.15: Let Viy(7) be defined as in (A.32). Then E'|3°7_, ., Vig(7)| = O(p).

Proof of Lemma A.12: Let

q q
qu,aa’(T) = Z Zan an // qT aa’ m T—2q—1 a( )Hl,.Tqufl,a’ (u)dW(U)dW(U)

Then from (A.29), Vi,(7) = o Vigaa’(T). Recall the definition of Z™(v,u) in (A.29).

, q,7,aa’
a,a =i and (4,j), 4,j=1,--d

Noting that zm (v,u) is independent of {Hm’.7—72q71,a(U)Hlﬂ-,gq,l’a/(U)} and that 2™ (v, u) is indepen-

q7'aa’ q,7,aa’
dent of Z;nclaa (v,u) for 7 — ¢ >2g and 1 < m,l < g, we have
2
l
Z Z;nT aa’ Hm,.T—Qq—l,a(U)Hl,.T—Zq—l,a’ (u)
T=2q+2
1 m,l i A\ 1
< ‘Z;nT aa’ qc,aa’(v’u)’ <E|Hm,.7—2q—1,a( )’ ) <E ‘Hl T—2q—1,a’ ( )‘ )

T= 2q+2 |[T— c|<2q

=
=

< (Bl ez 1@ (B Hiozgra(@)])

= 0O(n’q)

where we have used the fact that E |Hm,,772q,1,a(v)\4 < Cn? for 1 < m < q and any a. It then follows by
Minkowski’s inequality and (A.11) that

2
n
Z qu aa
T=2q+2
2 3717
q q
= Zza”( Z // q‘raa m T—2q— 1a( )Hl,.T—Qq—l,a’(u)
m=1 [=1 T=2q+2
= O(gp'/n) (A.33)

An application of Jensen’s inequality implies that
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E Z ‘/iq(T) = E Z Z qu,aa’(T)

T=2q+2 a,a’ =i and (i,5), 3,j=1,--d | T=2q+2
2
n
< d > E| Y Vigew(r)| =O(gp*/n) (A.34)
a,a’ =i and (i,5), i,j=1,--d |T=2q+2
where (A.33) is used in the last equality. This completes the proof of Lemma A.12. [
Proof of Lemma A.13: Let
q q T—2q—1 l
Viraw () = 32 Y n)an() [ [ B oty roa®¥r ] 3 2w )i
m=1 [=1
Then from (A.31), Va,(7) = Y Vagaa' (7). Recall the definition of qu’aa,( u) in (A.31).

a,a’=i and (4,5), 4,j=1,--d
q
Noting that {Zml (v,u)}

q,s,aa’ m,l=1

q
is independent of {Zml (v, u)} for |s — c| > 2q where q is sufficiently

q,c,aa’ m,l=1
large, we have

T—q—1

= 2‘1: E[Zm’l (v,u) 2" (v,u)| < 2CTq (A.35)

q,s,aa’ q,c,aa’
s=1 |s—c|<2q

T—

q—1
m,l
2 : quaa’

It then follows that

A
=
s
o
=
N[

Z V’Zq,aa’ (T)

1 [M]=
I Pj»m

m)an(l) / B [ZyraZaraborm(©)gr ()] |

2\ 2
AW (v)dW (u)

7'2q1

m,l
E quaavu

= O(ap*/n) (4.36)

where we have used (A.35). Then the same reasoning as that of (A.34) which uses Jensen’s inequality and
(A.36) gives us the desired result W

Proof of Lemma A.14: Let
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‘/Eiq,aa’ (T)

q q
= 3 S ament) [ B [ZuraZusatbys o)y ()]
m=1[=1
T—2¢q—1

X Z Z Z, ,s,awq,s—m(U)Zq%a'wq,c—l(u)dW(v)dW(u)

s=2 0<s—c<2q

Then from (A.32), V3,(7) = > V3q.aa’ (7). By the same reasoning as that for the proof of
a,a’=i and (4,5), i,j=1,--d

2
Lemma A.13, it is sufficient to show that E ‘2222 42 Vg,qﬂa:(T)) = O(gp*/n). This follows from Minkowski’s

inequality and
2
E |Vagaa ()]

S {Z Z an(m)an(l) / |E [quTﬂZq,T,a’wq,‘rfm(U)wq,ﬂ'fl(u)] ‘

m=1 [=1
1 2
T—2¢—1 2\ 2
X Z E\Z ,S,awq,s—m(v) Z Z, ,c,a’wq,c—l(u> dW(’U)dW(’LL)
s=1 s—c<2q
q 4
<207q | Y an(m)| =O(rgp*/n) n
m=1
Proof of Lemma A.15: Let
V4q,aa’ (7—)
7 q

= 3> anmanld) [ EZumaZucarbyr n(o0by (o)

m=1 [=1

T—2q—1
X Z Z Z ,s,awq,sfm(U)Zq,c,a’wq,c—l(u)dW(U)dW(u)
s=2 s—c>2q
Then from (A.32), Vi,(7) = oy Vig.aa' (7). By the same reasoning as that for the proof of

a,a’ =i and 4,5), i,j=1,--d
2
Lemma A.13, it is sufficient to show that E ‘ZZ:% 12 Viagaa (1) = O(p). This follows from Minkowski’s

inequality, p — oo and
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E |Vigaa (7)[*

q q
S E Z Zan(m)an(l)/E [Zq,T,an,T,a//lpq,Tfm(’U)/lpq,Tfl(u)]
m=1 [=1
T—2q—1 s—2q—1 2
X Y Zgsalsm(®) Y Zgcathgei(w)dW (v)dW (u)
s=2q+2 c=1
q q q q
< XY S Y amstmeniantts) [ [ [ [ EZ00Zu0mtg 00001, 00)]
mi=1mo=1101=11s=1
T—2g9—1
xE [Z%O@Z%Oya'w;—mg(ul)qzb;,—lg(u?)] Z E[Zq78,an787a’wq,sfm1(vl)wq,sfmg(uz)]
§=2q+2
s—2q—1
X > E|ZgeaZqeatye iy 02V 1, (2)] dW (01)dW (v2)dW (ug)dW (uz)
c=1
= O(r?p/n")

by Assumption A.2 and A.8(i.e., Yoo [om(v,u)| < C, >0 3% E [(Zo,aZow — o(a,d))) ¥, (v)0_(w)]).
|

Proof of Theoremd4. It is sufficient to prove the following Theorems A4 and A5. W
TheoremA4. Under the conditions of Theorem4, (p%n) M, (p) — My (p)] —P Q.

TheoremAS5. Under the conditions of Theorem4 and for a =4 and ij, 4,7 =1, -d,

(p2 /n) Mo (p) —7 [QD/O :|1/2//7r

and therefore

2
019 (00, 0,0) — £ (w ,0,1})‘ dwdW (v) (A.37)

@%MMMJPDAk%)}ﬂ//WW“WOMQWW@O)dMWU
Proof of Theorem A4. It suffices to show that
—l/zk2m/pnm[” 900 - 5200 awie) ~o (A.35)

pL |Colp) — éo(p)] = 0p(1), and p~! [ﬁo(p) - 50(p)] = 0p(1), where Co(p) and Dy(p) are defined in the
same way as Co(p) and Do(p) in (3.5) with {Z:}2_, replacing {27}221. I focus on the proof of (A.38) to
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save space; the proofs for p~! [ao(p) — 5’0(p)} = 0,(1), and p~! [ﬁo(p) — ﬁg(p)} = 0p(1) are straightforward.
Because (A.5) implies that

1/Zk2 (m/p)1m [H (0, v)

- [ 3 Ua Vo - a0 | v,

a=1 and (4, ) 4,j=1,

[

2} AW (v)

then it suffices to prove that

1/2]{:2 m/p)nm “a (0,v) ’ —’ 10)(0 fu)‘ ]dW(v) —P 0, for a =1 and (i,5), 4, =1,---d (A.39)

We shall show this only for the case a =4 with ¢ = 1, - - d; the proofs for all other cases are similar.

Since the proof of Theorem A.5 does not depend on Theorem A4, it follows from (A.37) that

_I/Zk2 m/pnm) 10)01)‘ dW (v) = Op(1) for i =1,---d (A.40)

By (A.11), (A.40), (A.8) and Cauchy-Schwartz inequality, it is sufficient for (A.39) to prove that nlA; =
op(1), where A; is defined as in (A.8). Then (A.9) implies further that it is enough to show

n—1 R )
n / Z K2 /) ‘ma(w‘ dW(v) = op(1), for h=1,---,6
m=1

5w =2,

~ 2 —l no, . o ' 2
Mv)( ] <n- Tzl (Zm Zm>

I first consider the case h = 1. By Cauchy-Schwartz inequality and

n R 9 n
g [n;zl Z <Z7',i_Z7—,i> [n;} Z

T=m++1 T=m+1

o

Then it follows from (A.3) and (A.11) and Assumption A.6 that

! / f B (/D) [ Bun(0)][ a7 (0) <
m=1

The proof for case h = 2 is similar, noting that

n

nyt Y (Z\T,i_ZT,i)

T=m+1

n
<n,' Y

T=m+1

Next consider the case h = 3. Still by the Cauchy-Schwartz inequality, I have
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n

~ 2 " ~ 2
brm(®)| < o) (n,#zzf,i> ot Y (Zri—20a)
=1

T=m+1

n

[Bom(o)| < (n;f ZZE,Z) Y
T=1

T=m+1

It then follows that

! / f B (m /) [ By ()] VW (0)
(L) e s

= pp/n

A

n—1
S K(m/p) / Jell? W (v)
T=1

The proof for the cases h = 4, 5,6 is similar to the case h = 3, noting that

This completes the proof of Theorem A4. |

Proof of Theorem A.5. The proof is a straightforward extension for that of Hong(1999, Proof of Theorem
5), for the case (m,l) = (1,0) and Wi(-) = d(+), the Dirac delta function. I omit it here to save space. Note
that Assumption A.8 is needed here. |

Proof of Theorem5. It is sufficient to prove the Theorems A6 and A7 below. W

TheoremA®6. Under the conditions of Theoremb5, ]\/Zo(ﬁ) — My(p) = op(1).

TheoremA?7. Under the conditions of Theoremb, My(p) — Mo(p) = 0p(1).

Proof of TheoremAG6. Define

5= 5 et [ [[os00.0]f - ot 0.0 Javo

Then it suffices to show that p~2 B = op(1), p 2 [60(@ - 50(]’5)} = 0,(1), and p~? [ﬁo(ﬁ) - 50(@] = 0p(1).

I only show pféﬁ = 0p(1) here to save space; the proof of the other two is similar. Since
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S K/ [ |[ps20.0f

m=1

CES d{

a=i and (7’7])7 7‘7]:17

>, L

a=i and (i,j), i,j=1,d

- ‘5&9(0,@]2] dW(v)}

then it is sufficient to show p‘éﬁa = 0y(1) for a = ¢ and ij, 3,5 = 1,---d. We shall only show this holds for
a = 1; the proofs for all other cases are similar.

By the conditions on k(-) implied by Assumption A.5, there exists a symmetric monotonic decreasing
function ko(z) for z > 0 such that |k(z)| < ko(z) for all z > 0 and ko(-) satisfies Assumption A.5. Then for

any constants €, > 0,

P( -3 |B; >e)§P(p—% B,

where the second term vanishes asymptotically for all > 0 and given p/p — 1 —P 0. Therefore, by the

[5/p =11 <n) +P(5/p—1]>)
definition of convergence in probability, it remains to show that the first terms also vanishes as n — oo.
Because |p/p — 1| < n implies p < (1 + n)p, for |p/p— 1| <17

~

Zf% B;

< et S Km0+l o]

m=1

’N(l O)(O v)‘ ] —P 0

for any n > 0 given (A.9), where the inequality follows from |k(z)| < ko(z) for all z > 0. This completes the
proof of Theorem AG6. |

Proof of Theorem A7. The proof is a straightforward extension from those of Theorem A.7 of Hong and
Lee(2005) which follows a reasoning analogous to the proof of Hong(1999, Theorem4). Note that the latter
uses an assumption which is exactly the same as Assumption A.10. That is, Assumption A.10 is also used in
this proof. W
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TABLE 1

H Empirical Level Under Vasicek Model

n = 250 n = 500 n = 1000 n = 1500
10% 5% 10% 5% 10% 5% 10% 5%

High Persistence

) 0.313 0.298 0.163 0.152 0.165 0.143 0.114 0.085

10 0.362 0.350 0.202 0.184 0.142 0.132 0.114 0.085

15 0.372 0.341 0.187 0.175 0.151 0.138 0.114 0.085

20 0.325 0.274 0.168 0.146 0.162 0.145 0.114 0.085
Low Persistence

) 0.343 0.312 0.162 0.155 0.166 0.145 0.092 0.074

10 0.380 0.373 0.210 0.189 0.145 0.133 0.092 0.074

15 0.396 0.356 0.193 0.180 0.150 0.134 0.092 0.074

20 0.346 0.303 0.170 0.152 0.167 0.150 0.092 0.074

Notes : (i) 1000 iterations;

(ii): High persistent Vasicek model is model (6.1) with parameter values (H, a, 02) = (0.214592,0.089102, 0.000546);
Low persistent Vasicek model is model (6.1) with parameter values (K,, a, 02) = (0.85837,0.089102,0.002185).

(iii):p, the preliminary bandwidth, is used in a plug-in method to choose a data-dependent bandwidth Po with the
Bartlett kernel used. The Bartlett kernel is also used for computing My (pp).



TABLE 11

H Empirical Power Under DGP1-4

n = 250 n = 500 n = 1000
10% 5% 10% 5% 10% 5%
CIR
) 0.656 0.634 0.778 0.764 1.000 1.000
10 0.693 0.662 0.773 0.760 0.987 0.984
15 0.722 0.679 0.765 0.737 0.964 0.960
20 0.683 0.646 0.784 0.773 1.000 1.000
CKLS
) 0.684 0.659 0.798 0.763 1.000 1.000
10 0.690 0.667 0.782 0.754 1.000 1.000
15 0.716 0.701 0.764 0.752 1.000 1.000
20 0.689 0.673 0.758 0.747 1.000 1.000
Ahn&Gao
5 0.268 0.262 0.638 0.588 0.965 0.954
10 0.252 0.247 0.635 0.583 0.967 0.962
15 0.244 0.240 0.609 0.552 0.978 0.970
20 0.237 0.235 0.627 0.573 0.975 0.968
Ait — Sahalia
5} 0.475 0.425 0.838 0.802 0.967 0.962
10 0.454 0.414 0.835 0.798 0.978 0.973
15 0.435 0.422 0.852 0.814 0.962 0.958
20 0.449 0.425 0.867 0.832 0.957 0.942

Notes : (i) 1000 iterations;

(ii) DGP1-4 are CIR model, Ahn and Gao’s(1997) inverse-feller model, CKLS model and Ait-Sahalia’s(1996) nonlinear
drift model, given in equations (6.2)-(6.4).

(iii): P, the preliminary bandwidth, is used in a plug-in method to E}loose a data-dependent bandwidth py with the
Bartlett kernel is used. The Bartlett kernel is also used for computing Mo (o).



